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ABSTRACT 

The  object  of  these  notes  is  to  develop  a  unifying  framework  for  the 
functional  analytic  representation  of  infinite  dimensional  linear  systems  with 
unbounded  input  and  output  operators.  On  the  basis  of  the  general  approach 
new  results  are  derived  on  the  wellposedness  of  feedback  systems  and  on  the 
linear  quadratic  control  problem.  The  implications  of  the  theory  for  large 
classes  of  functional  and  partial  differential  equations  are  discussed  in 
detail.  . 
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SIGNIFICANCE  AND  EXPLANATION 


For  a  large  number  of  control  and  observation  processes  in  physics  and 
engineering  an  adequate  mathematical  representation  leads  to  infinite 
dimensional  systems  with  unbounded  input  and  output  operators.  In  partial 
differential  equations  this  is  the  case  if  the  control  acts  through  the 
boundary  and  if  measurements  can  only  be  taken  at  a  few  points  of  the  spatial 
domain.  Analogous  phenomena  occur  in  functional  differential  equations  if 
there  are  delays  in  the  input  and  output  variables. 

The  object  of  this  paper  is  to  develop  a  unifying  framework  for  the 
functional  analytic  representation  of  infinite  dimensional  systems  with 
unbounded  input  and  output  operators.  On  the  basis  of  the  general  approach 
new  results  are  derived  on  the  wellposedness  of  feedback  systems  and  on  the 
linear  quadratic  control  problem.  The  implications  of  the  theory  for  large 
classes  of  functional  and  partial  differential  equations  are  discussed  in 
detail. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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INFINITE  DIMENSIONAL  LINEAR  SYSTEMS  WITH  UNBOUNDED  CONTROL  AND  OBSERVATION: 

A  FUNCTIONAL  ANALYTIC  APPROACH 

Dietmar  Salomon 

1 .  INTRODUCTION 

For  large  classes  of  Infinite  dimensional  control  systems  an  adequate  mathematical 
representation  leads  to  unbounded  input  and  output  operators.  In  partial  differential 
equations  this  is  the  case  if  the  control  acts  through  the  boundary  and  if  the  measure¬ 
ments  can  only  be  taken  at  a  few  points  of  the  spatial  domain.  Analogous  phenomena  occur 
in  functional  differential  equations  if  there  are  delays  in  the  input  and  output  variables. 

These  notes  present  a  unifying  abstract  framework  for  the  study  of  infinite 
dimensional  linear  systems  which  allows  for  unbounded  control  and  observation.  The  main 
emphasis  has  been  to  keep  the  theory  in  a  simple  and  elegant  form  and  still  to  cover  most 
of  the  known  examples  of  well-posed,  linear,  time  invariant  infinite  dimensional  control 
systems.  The  general  approach  is  then  used  to  derive  new  results  on  the  wellposedness  of 
feedback  systems  and  on  the  linear  quadratic  control  problem.  Furthermore,  it  is  shown  how 
large  classes  of  functional  and  partial  differential  equations  can  be  represented  within 
the  abstract  functional  analytic  framework. 

The  relevance  of  unbounded  input  and  output  operators  both  from  a  theoretical  and  from 
a  practical  point  of  view  has  been  recognized  for  a  long  time  in  the  literature  on  the 
mathematical  theory  of  infinite  dimensional  control  systems.  Without  attempting  to  give  a 
complete  overview  we  mention  the  classical  work  by  LIONS  [28J,  LIONS-MAGENES  [29]  as  well 
as  the  early  papers  by  FATTORINI  [12],  LUKES-RUSSELL  [30],  RUSSELL  [36],  [37],  [38]  and  the 
more  recent  book  by  CURTAIN- PRITCHARD  [6].  In  recent  years  more  attention  has  been  paid  to 
the  abstract  representation  of  boundary  control  systems.  In  the  context  of  partial 
differential  equations  we  refer  to  BALAKRISHNAN  [2],  WASHBURN  [45],  HO-RUSSELL  [19], 
LASIECKA-TRIGGIANI  [24],  and  in  the  context  of  functional  differential  equations  to 
ICHIKAWA  [20],  DELFOUR  [10],  SALAMON  [40],  DELFOUR-KARRAXCHOU  [11],  PRITCHARD- SALAMON  [34]. 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-004 1 .  This  material  is 
based  upon  work  supported  by  the  National  Science  Foundation  under  Grant  No.  DMS-8210950, 
Mod  1. 


Despite  these  efforts  there  are  certain  classes  of  wellposed  infinite  dimensional 
systems  for  which  a  satisfactory  functional  analytic  representation  has  not  yet  been 
developed.  Among  these  there  are  the  examples  discussed  in  section  6  and  section  7.3.  The 
main  feature  of  these  systems  is  that  the  input  and  output  operators  are  in  a  sense  more 
unbounded  than  the  operator  which  describes  the  dynamics  of  the  free  system.  In 
particular,  the  wave  equation  in  section  7.3  has  been  one  of  the  main  motivating  examples 
for  the  development  of  our  general  approach. 

This  general  approach  is  discussed  in  detail  in  section  2.  The  important  new  feature 
of  the  abstract  semigroup  control  system  in  section  2.1  is  the  representation  of  the  output 
and  the  introduction  of  the  operator  Ty .  Hie  development  of  this  new  structure  has  turned 
out  to  be  necessary  in  order  to  allow  for  enough  unboundedness  in  the  input  and  output 
operators.  If  either  the  input  or  the  output  operator  is  strictly  unbounded,  an  equivalent 
representation  of  the  infinite  dimensional  system  is  derived  in  section  2.2  and  section  2.3 
leading  to  the  concepts  of  an  "abstract  boundary  control  system"  and  an  "abstract  point 
observation  process".  These  two  concepts  are  dual  to  each  other  while  the  concept  of  an 
"abstract  semigroup  control  system"  is  self  dual  (section  3).  Based  on  the  fundamental 
theory  of  section  2  a  new  perturbation  result  is  derived  in  section  4.  Section  5  deals 
with  the  linear  quadratic  control  problem  for  the  class  of  systems  discussed  in  section  2 
without  further  restrictions.  In  particular,  the  optimal  control  is  characterized  in  terms 
of  the  dual  system  and  conditions  are  given  under  which  the  optimal  control  is 
differentiable.  Furthermore,  it  is  shown  that  the  optimal  control  satisfies  an  unbounded 
feedback  law  and  is  related  to  a  Riccati  type  equation.  A  very  general  class  of  functional 
differential  equations  is  discussed  in  section  6.  In  section  7  it  is  shown  how  both 
parabolic  and  hyperbolic  partial  differential  equations  can  be  described  within  the 
framework  of  section  2. 


2.  THREE  BASIC  CONCEPTS 

2.1  SEMIGROUP  CONTROL  SYSTEMS 

An  abstract  semigroup  control  system  (SCS)  is  described  by  the  equation 

( 2  •  1 ;  1 )  x(t)  »  Ax(t)  +  But t ) ,  t  >  0,  x(0)  *  xQ  , 

where  u(t)  e  U  is  the  input,  W  C  H  C  V  are  Hilbert  spaces  with  continuous,  dense 
injections  and  and  A  e  L(W,H)  0  L(H,V),  B  @  L(U,Vi 

REMARK  2.1.  If  A  :  P(A)  ♦  H  is  a  closed,  densely  defined  operator  on  a  Hilbert  space 
H,  then  w  «  V(A)  and  V*  »  P (A*  >  can  be  made  into  Hilbert  spaces  with  the  respective 
graph  norms.  Identifying  H  with  its  dual  we  obtain  W  C  H  C  V  and  V*  C  H  C  W*  with 
continuous,  dense  injections.  Furthermore,  A  and  A*  can  now  be  regarded  as  bounded 
operators  from  W,  or  respectively  V* ,  into  H.  By  duality,  we  obtain  the  extensions 
A  e  L (H,V) ,  A*  e  L(H,W*).  If  A  has  a  nonempty  resolvent  set,  then  W  =  {x  e  h|Ax  e  H} 
and  the  bounded  extension  A  e  L(H,V)  coincides  with  the  adjoint  of  the  unbounded 
restriction  A*  :  D((A*)2)  *  v*.  The  same  holds  for  A*.  Finally,  we  point  out  that 
whenever  w  C  H  with  a  continuous,  dense  injection  and  A  e  l(W,H)  has  a  nonempty 

resolvent  set,  then  the  norm  on  W  is  equivalent  to  the  graph  norm  of  A. 

The  output  of  the  free  system  (u(t)  =  0)  can  be  described  by  an  operator  C  e  L( W,Y) 
if  x(t)  e  W  for  every  t  >  0.  In  order  to  describe  the  output  of  the  forced  motions  of 

(2.1) 1)  let  us  assume  that  yl-A  :  W  -*•  H  is  boundedly  invertible  for  some  y  e  R.  Then 
every  solution  x(*)  e  C^tO.TiH]  of  (2.1;1)  can  be  written  in  the  form 

(2.2)  x(  t )  »  (  Ul-A )  *  ^  ( Ux(  t )  -  x(t))  +  (UI-A)  ^utt) 

Hence  x(t)  W  unless  Bu(t)  e  H.  Therefore  the  operator  C  alone  is  not  enough  to 

describe  the  output  of  the  forced  motions.  Another  operator  e  i(U,Y)  is  needed.  Then 


as  motivated  by  (2.2)  we  can  define  the  output  of  (2.1;1)  by 

(2.1;  2)  y(  t)  =  C(  Ul-A)  “ 1  Uix(  t )  -  x(t))  +  T  u(t) 

w 

whenever  x ( * )  e  c'[0,T;H]  satisfies  (2.1;1).  In  order  to  make  sure  that  the  expression 
( 2 .  1 ; 2 )  is  independent  of  it,  we  have  to  assume  that  the  operator  family  Ty  e  l(U,Y), 
u  y  o(A),  satisfies  a  certain  compatibility  condition.  The  following  hypothesis 
summarizes  all  the  assumptions  imposed  on  A,  B,  C  and  T^. 

(SO)  The  operator  Ml-A  :  W  ♦  H  is  boundedly  invertible  for  some  li  e  R,  V*  =  p(A*), 

(2.3)  T  -  T  =  (X-u)C(pI-A)“1(Xl-A)-1B 

h  X 

for  all  X  ,  M  ft  0(A) . 

At  some  places  we  need  in  addition  that  the  input  and  output  operator  are  strictly 
unbounded  (with  respect  to  H)  that  is 

(2.4)  range  B  fl  H  =  {0} 

(2.5)  range  C*  0  H  =  {0 } 


REMARKS  2.2 

(i)  The  compatibility  condition  (2.3)  guarantees  that  the  expression  (2.1 ; 2 )  for  the 
output  of  the  system  is  independent  of  w. 

(ii)  The  operator  family  T^  P.  L(U,Y)  is  analytic  on  c\o(A)  and  has  to  be 
understood  as  the  transfer  operator  which  determines  the  input/output  relationship  of  (2.1) 
in  the  frequency  domain.  It  generalizes  the  expression  C(yl-A)  ^ B  which  does  not  make 
sense  if  both  B  and  C  are  strictly  unbounded  with  respect  to  H. 

(iii)  If  either  range  B  C  H  or  C  extends  to  a  bounded  operator  from  H  into  Y, 
then  =  C(UI-A)  B  ♦  D  for  some  D  e  |.(U#Y).  Therefore  T^  includes  the  possibility 


of  a  direct  input/output  relation. 


The  next  hypothesis  is  related  to  the  homogeneous  equation  (2.1;  1)  (u(t)  =  0). 

(SI)  The  operator  A  i  D(A)  -  W  ♦  H  is  the  infinitesimal  generator  of 
a  strongly  continuous  semigroup  S(t)  e  L( H). 

If  (SO)  and  (SI)  are  satisfied,  then  S(t)  is  also  a  strongly  continuous  semigroup  on  w 
and  V  and  the  infinitesimal  generator  of  S(t)  e  L(V)  is  given  by  the  extended  operator 
A  :  H  ♦  V  (Remark  2.1).  The  next  Lemma  is  a  well  known  result  in  semigroup  theory  and 
summarizes  the  consequences  of  hypothesis  (SI)  for  the  inhomogeneous  equation  (2.1/1). 


LEMMA  2.3 

Let  (SO)  and  (SI)  be  satisfied,  let  xQ  e  H  and  u(')  e  W1,2[0,T;U]  be  given  and 
define 


(2.6)  x(t)  -  S ( t ) Xg  +  /g  S(t-s)Bu(s)ds,  0  <  t  <  T  . 

Then  x( • )  e  CI0,T;H]  0  C1 [0,T;V]  and 

(2.7)  x(t)  ■  Ax(  t )  +  Bu(t)  -  S(t)  (AXq  +  Bu(0 )]  +  S(t-S)Bu(s)ds 

for  0  <  t  <  T.  If  moreover  u(*)  e  W2,2[0,T;U]  and  Ax0  +  Bu(0)  e  H,  then 
x(*)  e  [0,T;H] . 

Let  (SO)  and  (Si)  be  satisfied  and  let  u(')  e  W2 ' 2  C 0 , T » a]  and  xQ  e  H  satisfy 

Axg  +  But 0 )  e  H.  Wien  we  denote  by  x(t)  -  x(t;xg,u)  the  corresponding  unique  solution  of 

(2.1/1)  which  is  given  by  (2.6)  and  by  y(t)  -  y(t;x0,u)  the  associated  output  (2.1/2). 

The  next  hypothesis  weakens  the  assumptions  of  Lemma  2.3.  The  final  two  hypotheses  are 

related  to  the  state/output  and  the  input/output  relationship  of  the  SCS  (2.1). 
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(S2) 


(Si)  is  satisfied  and  there  exists  a  c  >  0  such  that  the  following 


inequality  holds  for  all  u(  • )  e  W1,2[0,T;U] 

I Jj  S(T-s ) But  s ) dsl  <  clu(-)l  , 

°  H  L2[0.T;U1 

(53)  (SI)  is  satisfied  and  there  exists  a  c  >  0  such  that  the  following 
inequality  holds  for  all  x  e  W 

>CS( • )x«  ,  <  clxl  . 

L  [0,T;Y] 

(54)  (Si)  is  satisfied  and  there  exists  a  c  >  0  such  that  the  following 
inequality  holds  for  every  u(*)  e  W^'^tO,T;U]  with  u(0)  =  0 

ly(  •  »0,u) I  <  cluOl  , 

L  [0,T;Y]  L  [0,T;U] 


DEFINITION  2.4 

The  SCS  (3.1)  is  said  to  be  well  posed  if  (SO— 4 )  are  satisfied.  If  the  SCS  (3.1)  is 
well  posed  and  xQ  e  H,  u( • )  e  L2[0,T;U]  are  given,  we  define  x(t)  “  x(t;x0,u)  b£  (2.6) 
and  y(t)  =  y(t!Xg,u)  by  continuous  extension  of  the  expression  (2.1;2)  using  (S3)  and 
(S4).  y(t)  is  said  to  be  the  weak  output  of  the  SCS  (2.1). 

By  definition,  the  weak  output  y(t;xg,u>  of  the  well  posed  SCS  (2.1)  has  to  satisfy 
( 2 . 1 ; 2 )  only  if  u( • )  e  W2 ' 2 [ 0 ,T; H] ,  u(0)  =  0,  xq  e  W.  It  is  not  immediately  obvious 
that  y(t)  also  satisfies  (2.1;2)  in  general  whenever  x(*,'Xg,u)  e  W^'2[0,T;H].  We 
establish  this  in  the  next  Lemma  along  with  some  differentiability  properties  of  the 
solutions  and  outputs  of  (2.1). 


LEMMA  2.5 


let  x ( t )  =  x(t>x0,u),  y(t)  -  y(t;x0,u)  be  defined  as  above.  Then  the  following 


statements  hold. 

(1)  X ( ♦ ;xr ,u)  e  Cl 0,T;H]  D  W1,2!0,T/V]  satisfies  (2.1)1)  for  almost  every 
t  e  [0,T] . 

(ii)  If  x ( • ;Xq ,u)  e  W1,2(0,T;H]  then  (2.1j2)  holds  for  almost  every  t  e  [0,TJ. 
(ill)  If  u ( * )  e  W1,2[0,T;U]  and  AxQ  +  Bu(0)  e  H,  then  x(*)XQu)  e  C^lO.TtH], 
y(*  )Xg,u)  e  W1/2[0,T)Y)  satisfy  x(t;x0,u)  =  x(  t )  AxQ+Bu(  0  ) ,  u)  and  y(t;xQ,u)  = 
y(t)Ax0+Bu(0),u)  for  (almost)  every  t  e  [0,Tl. 

PROOF:  The  continuity  of  x(t)  in  H  follows  from  standard  estimates  using  (S2)  (see 
[40,  Theorem  1.3.4)).  Moreover,  (2.1j1)  follows  from  the  fact  that  the  equation 

x(t;xQ,u)  ”  xo  +  -^o  tAxls,x0'u*  +  Bu(s)]ds 

holds  for  0  <  t  <  T,  u(*)  e  W1,2[0,T;U],  AxQ  +  Bu(0)  e  H  (Lemma  2.3)  and  that  both  sides 
of  this  equation  depend  continuously  on  Xg  e  H  and  u(')  e  L2[0,T;U).  This  proves 
statement  ( i ) . 

In  order  to  establish  statement  (ii)  we  have  to  make  use  of  the  calculations  leading 
to  equation  (3.4)  in  the  proof  of  Theorem  3.3  below.  Let  us  fix  v(*)  e  W2,2[0,T)Y), 
v(T)  »  0,  let  z(s)  =  z(8)0,v)  be  given  by  (3.3)  and  define  w(s)  « 

B  (uI-A  )  1 ( uz( s)+z( s) )  +  T^v(s)  for  0  <  s  <  T.  then  it  follows  from  (3.4)  that  the 
equation 


/  t  r  T 

Jg  <v(t) ,y(t;Xg,u>ydt  »  <z(0),Xg>H  +  JQ  <w(  s )  , u(  s )  ><jds 

holds  for  xQ  e  W,  u(‘)  e  W2 ' 2 [ 0 ,T; U] ,  u(0)  =  0,  and  hence,  by  continuous  dependence  for 
all  xQ  e  H,  u(*)  e  L2(0,T;U).  If  moreover  x(*?Xg,u)  e  W1,2[0,T)H],  we  may  define  y(t) 
by  (2.1)1)  and  use  (3.4!  once  again  to  obtain 
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1 q  <v(t) ,y(t;x0,u)  -  y(t)>ydt  =  0  . 


Since  the  set  of  all  v(  •  )  e  W2/2[0,T;Y]  with  v(T)  *=0  is  dense  in  L2[0,T;Y]  we 
onclude  that  y  -  y» 

o  2 

In  order  to  establish  statement  (iii)  let  us  choose  u(*S  e  W  '  (0,T;U)  with 
vxg  +  8u(0)  e  H  and  A(Axg+Bu(0)]  +  Bu(0)  e  H.  Then  it  follows  from  Lemma  2.3  that 

x(t;xg,u)  "  xo  +  ig  x( s ; AXg+Bu( 0 ) ,u)ds ,  0  <  t  <  T  , 

md  that  x ( • ; AXg+Bu ( 0 ) , u )  e  C1 [0,T;U] .  Hence  we  can  apply  statement  (ii)  to  both 
•(t;Xg,u)  and  y ( t ; AXg+Buf 0 ) , u )  and  obtain  with  the  help  of  the  above  equation  that 

y(t;xQ,u)  =  y(0;x0,u)  +  Jg  y ( s ; AXg+Bu ( 0 ) , u) ds ,  0  <  t  <  T  . 

ter.ce  statement  (iii)  follows  from  the  fact  that  both  sides  in  these  two  equations  depend 
•ontinuously  on  Xg  e  H,  Axg+Bu(0)  e  H  and  u  e  W1 ' 2  [0 , T,-U]  .  Here  we  need  the  fact  that 

’  *  {(x,u,z)  e  H  *  U  x  H | Ax+Bu  =  z}  contains  {(x,u,z)  e  f|Az  e  H  +  range  B}  as  a  dense 

.ubspace.  In  fact,  given  (x,u,z)  e  F  choose  wk  e  W  converging  to  ux-z  e  H  and 

lefine  xk  -  (uI-A)  '(w^+Bu),  zk  =  Axk  +  Bu.  Then  (xk,u,zk)  converges  to  (x,u,z)  in 

and  Azk  t  uBu  6  H.  L) 

f  the  SCS  (2.1)  is  well  posed,  then  we  introduce  for  notational  convenience  the 
operators  S(T)  e  L  ( L2 [ 0 ,T ; U] ; H ) ,  C ( T )  e  L  ( H , L2 [ 0 ,T; Y] ,  T  (T)  e  L  ( L2 [ 0 ,T ;U] , L2 ( 0 ,T ;YJ )  such 

hat 

x(T;x0,u)  =  S(T)x0  +  S(T)u  e  H  , 
y  ( • ;  x  g ,  u )  =  C(T)x0  +  T  (T)u  e  L2[0,T;Y]  , 

O 

<'T  :<M  e  H  and  u(«)  e  L  [O/TjUJ*  For  t  *  T  we  also  introduce  the  left  shift  operator 

o  2 

arid  the  restriction  operator  from  L  [0,T;U]  into  L  [0,t;U]  by  defining 
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(2.22). 


is  equivalent  to  the  one  defined  by 
( i li )  Suppose  that  the  spaces  W,  H,  V,  X  and  the  operators  A,  B,  C,  ,  A,  ft,  G 
Itisfy  (SO),  (PO),  (2.21  ),  (2.23),  (2.24),  (2.29-32).  Then  every  solution  x< •  )  e  C 1 [ 0 ,T ; H ) 
the  SCS  (2.1)  satisfies  the  POP  ( 2.27 )  and  vice  versa.  Furthermore,  G  is  injective 
id  strictly  unbounded  if  and  only  if  B  is  injective  and  strictly  unbounded. 

IMARK  2.14 

If  the  SCS  (2.1)  and  the  POP  (2.27)  are  related  as  above,  then  the  map  :  V  *  Y  +•  X, 

jg  a{K) ,  defined  by  (x,y)  *  (iil-A)  (pI-A)  'x  +  Qy  is  an  isomorphism  with  the 
operties 


x  =  IPU(X,C(UI-A)  *’x)  ,  Ax  =  ipy(Ax,liC(pI-A)  ’x)  ,  x  e  H  , 
fly  =  *P  <  0 ,  y )  ,  Gu  =  ip^tBu.T^u)  ,  y  e  Y,  u  e  U  . 

is  suggests  an  alternative  procedure  for  transforming  the  SCS  (2.1)  into  a  BCS  of  the 
rm  (2.27). 


The  next  hypothesis  is  related  to  the  homogeneous  equation  (2.27). 

1)  For  every  xQ  e  H  with  AxQ  e  H  +  range  0  there  exists  a 

unique  solution  x(*)  =  x(*>xQ,0)  e  C'fO.T.-H]  of  the  initial  value 
problem  x  -  Ax  e  range  0,  x(0)  =  Xq .  In  C[0,T;H]  this  solution  depends 
continuously  on  Xq  e  H. 
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and  is  defined  by  Ax  -  Ax  6  range  B.  By  Remark  2.1,  the  adjoint  of  this  unbounded 
operator  A  :  P(A)  ♦  H  coincides  with  the  adjoint  of  the  bounded  operator  A  ft  i-(H,V)  and 
has  the  domain 

(2.32)  V(A*)  =  V*  =  U  €  X>*x  -  0}  . 

In  order  to  construct  C  e  L(W,Y),  let  x  e  W  be  given  and  choose  y  =  Cx  e  Y  such 

that  Ax  -  Ax  »  By.  Then  C  is  well  defined,  linear  and  satisfies  (2.23). 

Furthermore,  C  is  bounded,  since  fl  has  a  bounded  inverse  on  its  range. 

In  order  to  contruct  Ty  e  L(U,Y),  let  u  e  U  be  given  and  note  that,  by  (3.30), 

*  (pI-A)  ( mI-A)  ^u  ■  Bu  *  nGu.  Hence  there  exists  a  y  *  T^u  e  Y  such  that 

By  -  Gu  -  ( til  —  A )  (pl-A)  'bu.  Since  B  is  injective  and  has  a  closed  range,  this  operator 

Ty  is  well  defined,  bounded,  linear  and  satisfies  (2.24). 

The  next  Proposition  summarizes  the  above  transformations  and  is  the  dual  result  of 
Proposition  2.8.  The  proof  will  be  omitted. 

PROPOSITION  2.13 

( i )  Let  the  operators  A,  B,  C,  Ty  satisfy  (SO),  suppose  that  C  has  a  dense 
range  and  1s  strictly  unbounded  and  let  X  be  defined  by  (2.21),  (2.22).  Then  there 
exist  unique  operators  A  e  L(H,X),  B  e  L(Y,X),  G  e  L(U,X)  satisfying  (2.23)  and  (2.24). 
These  operators  also  satisfy  (P0),  (2.29-32).  Furthermore,  for  p  ^  0(A),  the  operator 

C  =  C(wl-A)"1  :  H  +  Y 
U 

extends  to  a  bounded  linear  operator  from  X  into  Y  and 

(2.33)  CyA  =  pClUl-A)"1,  CyB  =  I,  CyG  =  Ty  . 
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Again  we  might  have  considered  the  POP  (2.27)  as  our  basic  model  where  H  X  are 
Ulbert  spaces  with  a  continuous  dense  injection  and  the  operators  A  e  L(H,X),  12  e  L  (Y,X), 

;  e  i(U,X)  satisfy  the  following  hypothesis. 

PO)  li  is  injective  and  has  a  closed  range,  range  £2  D  H  =  {0}, 
there  exists  a  li  e  R  such  that  X  =  range  ( u I— A )  +  range  £2 
and  ux  —  Ax  €  range  £2  implies  x  =  0  for  x  e  H. 

it  some  places  we  also  need  that  the  input  operator  G  e  L(U,X)  is  strictly  unbounded 
I  with  respect  to  H)  that  is 

2.28)  range  G  0  (H  +  range  £2)  =  {0} 

In  order  to  transform  any  POP  (2.27)  which  satisfies  hypothesis  (PO)  into  a  SCS  of  the 
:orm  (2.1),  we  introduce  the  space 

:2.29)  V  =  X/range  £2 

ind  denote  by  *  :  X  ♦  V  the  canonical  projection.  Since  range  £2  D  H  =  { 0 }  we  can 
identify  every  x  e  H  with  *x  =  x  t  range  £2  e  V.  This  makes  K  into  a  dense  subspace 
if  V  with  a  continuous  injection.  Now  let  us  define  the  operators  A  e  L(H,V),  B  e  L(U,V) 
>y 

2.30)  A  =  TiA  ,  S  =  11G  . 

Jhen  hypothesis  (PO)  implies  that  Ul-A  e  L(H,V)  is  one-to-one  and  onto  for  some  y  e  R. 
fence  A  is  a  closed  operator  on  V  with  a  nonempty  resolvent  set.  So  is  its  restriction 
: o  H  which  has  the  domain 

2.31)  W  :=  0(A)  =  {x  e  h|Ax  e  H  +  range  £2} 
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*  *  * 

equivalent  to  z  e  X  ,  SI  z  =  0.  Hence  Ax  -  fly  e  H  implies  that  for  all  z  e  Z?(A  ) 

<A*z,x>  =  <A  z,x>  -  <S1  z,y>  »  <z,Ax-Sly> 

and  therefore  x  e  P(A)  =  w.  Furthermore,  it  follows  from  (2.23)  that  Sl(y-Cx)  = 

*  * 

Sly  -  Ax  +  Ax  e  H.  Since  SI  is  onto  and  ker  fl  is  dense  in  H  (Proposition  2.8),  we 
obtain  that  SI  is  injective  and  H  fl  range  SI  =  { 0 } .  Hence  y  =  Cx  and  Ax  =  Ax  -  Sly. 
If  Ax  +  Gu  -  Sly  e  H,  then  it  follows  from  (2.24)  that 

A(x-(pI-A)-1Bu)  -  Sl(y-Tyu)  =  Ax  +  Gu  -  Sly  -  p  (pI-A)~  ’bu  e  H 


and  hence 


x  -  (Pl-A)  'bu  e  W,  C(x-(pI-A)  'bu)  «  y  -  T^u  . 

This  implies  (2.25),  x  e  H,  (Pl-A)x  -  Bu  e  H,  and  therefore  Ax  +  Bu  e  H.  □ 

The  previous  Lemma  shows  that  every  solution  x(*)  e  C1 [0,TiH]  of  the  SCS  (3.1)  also 
satisfies  the  abstract  point  observation  process  (POP) 

(2.27)  x(t)  +  £ly(t)  =  Ax(t)  +  Gu!t),  t  >  0,  x(0)  =  xQ 

and  vice  versa.  In  (2.27)  y  e  Y  has  to  be  understood  as  the  output  and  u  e  U  as  the 
input  of  the  system.  The  interpretation  of  (2.27)  is  that  the  initial  value  problem 
x  “  Ax,  x(0)  »  Xq,  does  not  have  a  solution  in  general  and  has  to  be  replaced  by  the 
differential  inclusion  x  -  Ax  e  range  SI.  it  is  important  to  note  that  SI  is  boundedly 
invertible  on  its  range  so  that  the  output  of  the  system  can  be  described  by  the  action  of 
an  inverse  of  SI  on  x  -  Ax. 
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(2.23) 


Ax  -  Ax  +  flCx 


x  e  w 


Finally,  we  define  G  e  L(U,X)  by 

(2.24)  Gu  -  (Pl-A) (pI-A)_1Bu  +  flT^u 

for  u  e  U  and  p  0(A).  Then  some  straightforward  manipulations  involving  (2.3)  and 
(2.23)  show  that  the  operator  G  defined  by  (2.24)  is  independent  of  p. 

LEMMA  2.12 

Suppose  that  the  spaces  W,  H,  V,  X  and  the  operators  A,  B,  C,  Ty ,  A,  ft,  G  satisfy 
(SO),  (2.21),  (2.23),  (2.24)  and  that  C  has  a  dense  range  and  is  strictly  unbounded.  Let 
X  e  H,  u  e  U,  yeY  be  given.  Then  Ax  +  Gu  -  fly  e  H  if  and  only  if  Ax  +  Bu  e  H  and 

(2.25)  y  =  C(pl-A)"1 (px-Ax-Bu)  +  TyU  . 

Furthermore,  if  Ax  +  Gu  -  fly  e  H,  then 

(2.26)  Ax  +  Bu  +  fly  *  Ax  +  Gu 

PROOF:  Suppose  that  Ax  *  Bu  e  H  and  yeY  is  given  by  (2.25).  Then 

fly  =  flC(PI-A)-1 (px-Ax-Bu)  +  flT  u 

P 

=  (A-uU(pl-A)  '(px-Ax-Bu)  +  flT^u  +  Px  -  Ax  -  Bu 
“  Ax  +  Gu  -  Ax  -  Bu 

In  order  to  prove  the  converse  implication,  let  us  first  consider  the  case  u  =  0  and 
note  that  z  e  P(A  )  if  and  only  if  A*z  e  H  (Remark  2.1)  which,  by  definition  of  fl,  is 
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(Lemma  2.3).  By  (2.19),  this  implies  x(*)  e  C(0,T;Z)  and,  by  (2.10),  x(t)  »  dx(t), 
Tx(t)  ■  u(t).  Hence,  by  (B2),  there  exists  a  constant  c  >  0  such  that 

ijJ  S(T-s ) Bv( s ) dsl  =  lx(T) I  <  cl v( • ) I  , 

°  H  H  L2[0,TtU] 

This  proves  (S2). 

The  equivalence  of  (S3)  and  (B3)  is  trivial.  So  is  the  equivalence  of  (S4)  and  (B4). 

Note  that  the  above  proof  for  the  equivalence  of  (B2)  and  (S2)  has  already  been 
presented  in  CURTAIN-SALAMON  [7].  We  have  included  the  proof  for  the  purpose  of 
completeness . 

2.3  POINT  OBSERVATION  PROCESSES 

In  this  section  we  consider  the  case  that  the  output  operator  C  6  L(w,Y)  of  the  SCS 
(2.1)  has  a  dense  range  and  is  strictly  unbounded,  that  is  (2.5)  holds.  In  this  situation 
there  is  another  way  of  rewriting  the  SCS  (2.1)  and  it  can  be  done  by  means  of  a  procedure 
which  is  dual  to  the  one  described  in  the  previous  section. 

We  introduce  the  space 

(2.21)  X*  -  {x  €  h|a*x  e  H  +  range  C  } 

and  make  it  into  a  Hilbert  space  by  defining 

(2.22)  Ixl2,  -  Ixl2  +  lyl2  +  I A*x+C*yl2 

h  * 

where  y  e  Y  is  the  unique  vector  with  A  x  +  C  y  e  He  Identifying  H  with  its  dual,  we 

obtain  X*  ^  H  C  X  with  continuous,  dense  injections.  Furthermore,  there  exist  unique 

*  *  *  *  * 

operators  A  e  L(H,X),  fl  e  L(Y,X)  satisfying  Ax-Ax-Cflx  for  x  e  X  and  hence 


jg  ly(t;0,u)l  ydt  <  c  |J  lu(t)l^dt 

where  y(t;0,u)  =  Kx(tjO,u)  with  x(*;0,u)  e  C[0,TfZ)  0  C1[0,T;H] 
as  in  Corollary  2.9. 

DEFINITION  2.10 

The  BCS  (2.12)  is  said  to  be  well  posed  if  the  hypotheses  (BO-4)  are  satisfied. 

PROPOSITION  2.11 

Suppose  that  the  spaces  W,  H,  V,  Z  and  the  operators  A,  B,  C,  Ty ,  A,  T,  K  satisfy 
(SO),  (BO),  (2.8),  (2.10),  (2.11),  (2.15),  (2.16).  Then  the  SCS  (2.1)  satisfies  hypothesis 
( Sk )  if  and  only  if  the  BCS  (2.12)  satisfies  hypothesis  ( Bk )  for  k  =  1 , 2 , 3 , 4 . 

PROOF:  The  equivalence  of  (SI)  and  (B1)  follows  from  PHILLIPS  (33].  Furthermore,  it 

follows  from  Lemma  2.5  and  Proposition  2.8  that  (S2)  implies  (B2).  In  fact,  given  xQ  e  Z 
and  u(  • )  e  W1,2[0,TjH]  with  TxQ  =  u(0),  we  get  AXg  +  Bu(0)  =  AxQ  e  H  and  hence  the 
function  x(*)  »  x(-;xQ,u)  e  C'tO.TjH]  defined  by  (2.6)  satisfies  (2.7)  (Lemma  2.5). 
Therefore  x(*)  is  the  unique  solution  of  the  BCS  (2.12).  Since  Ax(t)  +  Bu(t)  =  x(t)  e  H 
it  follows  from  (2.19)  that  x(*)  e  C[0,T;Z] .  The  continuous  dependence  follows  easily 
from  (2.6)  and  (2.7)  together  with  (2.19). 

Conversely,  suppose  that  (B2)  is  satisfied,  let  v(»)  e  w',2[0,T;U]  and  define 

x(t)  =  /g  S(t-s)Bu(s)ds,  u(s)  =  /g  v(T)dT 

Then  x(‘)  e  C1[0,T;H]  and 


Ax ( t )  +  Bu( t )  =  x(t)  =  /g  S(t-s)Bv(s)ds  e  H  . 


(2.20) 


Ax  =  yx  ,  Tx  *  0 


The  next  hypothesis  is  related  to  the  homogeneous  equation  (2.12). 

(B1)  Por  every  xQ  e  Z  with  Tx^  =  0  there  exists  a  unique 

solution  x(0)  =  x(‘;x0,0)  e  C[0,T;Z)  fl  C1  [0,T,-H]  of 

« 

x  *  Ax,  Tx  »  0,  x(0)  =  Xq ,  depending  countinuously  on  Xg  e  Z. 

The  implications  of  this  hypothesis  for  the  inhomogeneous  equation  are  summarized  in  the 
Corollary  below  which  follows  immediately  from  Proposition  2.8  together  with  Lemma  2.3  and 
a  result  in  PHILLIPS  [33]. 

COROLLARY  2.9 

Let  (BO)  and  (B1)  be  satisfied.  Then  for  every  Xg  e  Z  and  every  u(»)  e  W2,2[0,T>U] 
with  rx0  «  u(0)  there  exists  a  unique  solution  x(*)  =  x(»;xQ,u)  B  C[0,T;Z)  D  C1] 0,T;H) 
of  (2.12).  This  solution  depends  continuously  on  Xg  e  Z  and  u( • )  e  W^'2[Q,T>U]. 

The  next  hypothesis  weakens  the  assumptions  of  Corollary  2.9.  The  final  two 
hypotheses  are  related  to  the  state/output  and  the  input/output  relationship  of  the  BCS 
(2.12). 

(B2)  For  all  Xg  e  Z,  u  ( * )  e  W1,2[0,T;U]  with  TxQ  =*  u(D)  there 

exists  a  unique  solution  x(«)  =  xl’jXg.u)  B  C[0,T(Z]  Cl  C’lO.TjH]  of 
the  BCS  (2.12)  depending  continuoualy  on  Xg  e  Z  and  u ( * )  e  L2[0,T;Uj. 

(B3)  ( B 1 )  is  satisfied  and  there  exists  a  constant  c  >  0  such  that  the 

following  inequality  holds  for  every  Xg  e  Z  with  rxQ  <=  0. 

/g  «Kx(t;x0,0) l^dt  *  c,xg*^  • 

(B4)  (Bl)  is  satisfied  and  there  exists  a  constant  c  >  0  such  that  the 

following  inequality  holds  for  every  u( • )  e  W2,2[0,T;U]  with  u(0)  =  0 
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by  (2.8).  If  x  e  Z  then  Ax  =  Ax  -  Brx  e  H  range  B.  Conversely,  if  Ax  +  Bu  e  H  for 
some  u  e  U  and  if  Tz  =  u,  z  e  Z,  then  A(x-z)  =*  Ax  +  Bu  -  Az  e  H  and  hence  x-z  e  W 
which  implies  that  x  e  z. 

In  order  to  establish  the  equivalence  of  the  norms  on  Z,  let  x  e  Z  be  given  and 
chose  z  e  Z  such  that  Tz  »  Tx  and  *z*2  *  c^lTxl^  ( Remark  2.7).  Then  for 
U  e  R\o(A) 


Ixl  <  lzl„  +  Kul-A)  (pI-A) (x-z) I 
z  z  z 


(2.19) 


<  c0[l  +  l(UI-A)'1  (uI-AJljlTx^  +  I  (Ul-A)_1l  [  |  p  |  Ixl  H  +  lAxlJ 

<  c[  Ixljj  +  ITxly  t  IAxlH] 


(iii)  For  the  proof  of  statement  (Hi)  it  is  convenient  to  identify  W  with 

*  *  *  *  * 

Z  /range  T  so  that  i  ;  Z  ♦  W  is  the  canonical  projection.  Moreover,  note  that 

range  T  D  H  »  {o}  since  ker  T  is  dense  in  H.  This  allows  us  to  identity  x  e  H  with 

*  „*  • 
v  x  »  x  +  range  i  e  W  . 

Now  suppose  that  K  is  strictly  unbounded  and  has  a  dense  range.  Then  C  y  “ 

*  *  *  *  _* 

i  K  y  e  i  H  implies  that  K  y  e  H  +  range  i  and  hence  y  “  0.  Therefore  C  is  strictly 

unbounded  and  has  a  dense  range.  Conversely  suppose  that  C  is  strictly  unbounded  and  has 

*  »  •  *  •  * 

a  dense  range.  Then  K  y  e  H  +  range  l  implies  that  Cy=  i  K  y  e  i  H  and  hence  y  =  0. 

Therefore  K  is  strictly  unbounded  and  has  a  dense  range.  □ 


Suppose  that  the  spaces  W,  H,  V,  Z  and  the  operators  A,  B,  C,  T^,  A,  T,  K  satisfy 
(SO),  (BO),  (2.8),  (2.10),  (2.11),  (2.15),  (2.16).  Then  equation  (2.17)  shows  that 


(Ml-A)  B  :  TJ  ♦  Z  is  the  solution  operator  of  the  abstract  elliptic  problem 


c  e  L(W,Y)  be  defined  by  (2.15),  (2.16).  Furthermore^  let  V  b e  the  dual.  apace_of 
V*  -  p ( a* ) .  Then  A  e  L(H,V)  and  there  exist  unique  operators  B  e  L(U,V),  Ty  e  L(U,Y) 
U*o(A),  satisfying  (2.10)  and  (2.11).  These  operators  also  satisfy  (SO)  end  B  is 
injective  and  strictly  unbounded.  Finally^  t  Is  given  by  <2-8>  and  the  22S5-22.  z  AS. 

equivalent  to  the  one  defined  by  (2.9). 

dll)  suppose  that  the  spaces  W,  H,  V,  Z  and  the  operators  A.  B,  C,  Ty,  A,  T,  K 
satisfy  (SO),  (BO)  (2.8).  (2.10),  (2.11),  (2.15),  (2.16).  Then  every  solution 
x(* )  (  C1 [0,T,H]  of  the  SCS  (2.1)  satisfies  the  BCS  (2.12)  and  vlce.verea^  Furthermore^ 
K  is  strictly  unbounded  and  has  a  dense  range  If  and  only_lf  C  Is  strictly  unbounded_and 
has  a  dense  range. 

PROOF i 

(1)  The  existence  of  the  operators  A,  T,  K  satisfying  (2.10),  (2.11)  has  been 
established  above.  Nov  (2.15)  follows  from  the  fact  that,  by  definition  of  T ,  Tx  -  0  if 
and  only  if  Ax  e  H  which  is  equivalent  to  xeW  (Remark  2.1).  Furthermore,  (2.16) 
follows  from  (2.15),  (2.10)  and  (2.11).  The  equation 

A(  Vl-A)-1  Bu  +  Bu  »  U(llX-A)  ^u  e  H 

for  u  e  U  shows  that  range (pI-A) ' ’b  C  Z  and  that  (2.17)  holds.  (2.18)  is  a 

consequence  of  (2.17)  and  (2.11).  Since  B  is  strictly  unbounded,  we  get 
W  0  range <uI-A)'1B  -  {0},  and  Z  -  W  «  range! Ml-A)_1B  follows  from  the  identity 

x  -  (Ul-A)*1 ( px-Ax)  +  (yl-A)  ^Bfx 


for  x  e  Z.  Finally,  it  follows  from  (2.17)  that  T  is  onto. 


In  order  to  transform  any  BCS  (2.12)  which  satisfies  (BO)  into  a  SCS  of  the  form 


(2.1),  we  introduce  the  space 

(2.15)  W  =  (x  €  z|Tx  ■=  0} 

and  denote  by  1  :  W  +  Z  the  canonical  injection.  Then  W  (_  H  with  a  continuous  dense 
injection.  The  operators  A  e  L(W,H)  and  C  e  L(W,Y)  are  given  by 

(2.16)  A  =  Al  ,  C  =  Kl 

Now  define  V  =  [/(A  )  as  in  Remark  2.1  so  that  H  C  V  with  a  continuous  dense  injection 
and  A  extends  to  a  bounded  operator  from  H  into  V.  Then  it  follows  from  Remark  2.1 
that  Ax  =  Ax  if  and  only  if  Tx  =  0  for  every  x  e  Z.  This  allows  us  to  define  the 
operators  B  e  L(U,V)  and  e  L( U,Y)  for  u  ft  o( A)  as  follows. 

Given  u  e  U,  choose  x  e  Z  such  that  Tx  =  u  and  define 

Bu  =  Ax  -  Ax,  T^u  =  Kx  -  C(UI-A)  ^hx-Ax)  . 

Then  these  operators  are  well  defined,  they  are  obviously  linear  and,  by  Remark  2.7,  they 
are  bounded.  Furthermore,  by  definition,  these  operators  satisfy  (2.10)  and  (2.11). 

PROPOSITION  2.8 

( i )  Let  the  operators  A,  B,  C,  T^  satisfy  (SO),  suppose  that  B  is  injective  find 
strictly  unbounded  and  let  Z  be  defined  by  (2.8),  (2.9).  Then  there  exist  unique  operators 
A  e  /.  ( Z,  H ) ,  T  e  £.(  Z,U),  K  e  L(  Z,Y)  satisfying  (2.10)  and  (2.11).  These  operators  also 
satisfy  (BO),  (2.15),  (2.16).  Furthermore ,  Z  =  W  ©  range  (liI-A)  for  W  ft  o(A)  and 

A(UI-A)-1B  =  U(UI-A)-1B,  r(UI-A)_1B  =  I  , 


(2.17) 


and  vice  versa.  The  interpretation  of  (2.12)  is  that  the  initial  value  problem  x  *  Ax, 


x(0)  ■  Xq,  does  not  give  rise  to  unique  solutions  unless  the  "boundary  condition"  T x  *  u 
is  also  satisfied.  Since  equation  (2.12)  only  makes  sense  if  x(t)  is  at  least  absolutely 
continuous  in  H,  one  might  understand  the  solutions  of  the  SCS  (2.1)  as  "weak  solutions" 
of  the  BCS  (2.12). 

Note  that  an  analogous  version  of  the  above  construction  has  been  developed  by  H0- 
RUSSELL  [19)  for  a  special  class  of  systems  with  a  scalar  input. 

In  CURTAIN- SALAMON  [7]  the  BCS  (2.12)  has  been  considered  as  a  basic  model.  In  fact, 
many  systems  can  be  formulated  as  a  BCS  of  the  form  (2.12)  in  a  direct  way  (see  section  6 
and  section  7.3).  From  this  point  of  view  we  have  to  assume  that  Z  (_  H  are  Hilbert 
spaces  with  a  continuous  dense  injection  and  the  operators  A  e  LI Z,H),  T  e  L( Z,U), 

K  e  L(Z,Y)  satisfy  the  following  hypothesis. 

(BO)  T  is  onto,  ker  V  i3  dense  in  H,  the  restriction  of  A 

to  ker  T  is  a  closed  operator  on  H  whose  spectrum  does  not 
contain  the  real  axis. 

At  some  places  we  also  need  that  the  output  operator  X  e  L  (Z,Y)  is  strictly  unbounded 
(with  respect  to  H)  that  is 

(2.13)  range  K*  D  (H  +  range  T  )  =  { 0 } 

Here  we  have  identified  H  with  its  dual  so  that  H  C  Z*  with  a  continuous  dense 
injection. 

REMARK  2.7 

Since  T  is  onto  there  exists  a  constant  Cq  >  0  such  that  for  every  u  e  U  there 
exists  an  x  e  Z  with 

(2.14)  Tx  =  u,  lx«z  4  c0»ui1y  . 

-11- 


2.2  BOUNDARY  CONTROL  SYSTEMS 

In  this  section  we  rewrite  the  SCS  (2.1)  into  a  more  convenient  form  provided  that  the 
input  operator  B  e  i (U,V)  is  injective  and  strictly  unbounded  that  is  (2.4)  holds.  For 
this  purpose  we  introduce  the  space 

(2.8)  Z  =  {x  e  h|ax  e  H  +  range  B> 

and  make  it  into  a  Hilbert  space  by  defining 

(2.9)  Ixlj?  =  Ixl*  +  lulf,  +  lAx+Bu«* 

Z  H  U  H 

where  u  e  U  is  the  unique  input  vector  with  Ax  +  Bu  e  H.  Then  Z  <_  H  with  a  continuous 
dense  injection.  Furthermore  we  introduce  the  operators  A  e  L(Z,H),  V  e  L(Z,U)  by 
defining  Ax  ”  Ax  +  Bu,  Tx  *  u  for  x  e  Z  and  u  e  U  with  Ax  +  Bu  S  H.  This  means  that 

(2.10)  Ax  -  Ax  +  Bfx  ,  X  e  Z  . 


Finally,  we  define  K  e  L(Z,Y)  by 

(2.11)  Kx  =  C(ul-A)_1(ux-Ax)  +  T^Tx 


for  x  e  Z  and  u  t  0(A).  Some  straightforward  manipulations  using  (2.3)  show  that  the 
operator  K  defined  by  (2.11)  is  independent  of  u. 

As  a  consequence  of  these  constructions  we  obtain  that  every  solution  x(*)  eC'[0, T;H] 


of  the  SCS  (2.1)  is  also  a  solution  of  the  abstract  boundary  control  system  (BCS) 


x(t)  =  Ax(t)  ,  t  >  0  , 


(2.12) 


Tx(t)  =  u(t) 


x (0 )  =  x. 


(atu)(s)  “  u(S+T-t),  (Ptu)(8>  “  u(s),  0  <  8  <  t 


for  u(  • )  e  L2[0,TiU].  Then  :  L2[0,t)U]  ♦  L2[0,T|U)  is  the  right  shift  operator  and 

* 

is  the  extension  operator.  They  are  given  by 


(o^u)  (s) 
(Pfcu) (s) 


{ 

{ 


0 

u(  s+t-T) 

u(s) 

0 


,  0  <  8  <  T-t  , 

,  T-t  <  8  <  T  , 

,  0  <  8  <  t  , 

,  t  <  8  <  T  , 


for  u(  • )  e  L2[0,t;U].  The  analogous  operators  on  L2[0,T»Y)  will  also  be  denoted  by 

*  * 

°t'  pt'  °t'  pt*  The  following  relations  between  the  various  operators  express  the 
linearity  and  time  invariance  of  the  SCS  (2.1).  They  can  be  easily  checked  and  we  state 
them  without  proof . 


LEMMA 

2.6 

(i) 

°tCTt  ” 

id,  PtP*  «  id, 

*  * 

o  a  +  p  p  ■  id  , 

T-t  T-t  PtPt  ' 

• 

P  o 
t  T-t 

■  °,  °T_tPt  ”  1 

0  . 

(ii) 

8(T)  - 

S(T~t)8(t)Pt  + 

8(T-t)<JT_t  , 

C  (T)  - 

o*  r(T-t)s(t) 
T-t 

+  P*C(f)  , 

T  (T)  » 

p*T(t)Pt  +  o^_tC(T-t)B(t)pt  +  Vtr<T-t,0T-t 

(iii) 

BCf)o* 

-  8(t) ,  B(T)P* 

-  s(T-t)B(t), 

aT-tC(T)  ”  C  <T-t)S(t)  ,  PtC(T)  «  C(t)  , 

T(T)a*  -  a*T(t),  PtT(T)  -T(t)Pt  ,  oT.tT(T)p*  -C(T-t)B(t)  . 

It  seems  to  be  an  interesting  open  question  whether  all  operator  families  B(t),  T(t),  C(t) 
with  the  properties  of  Lemma  2.6  can  be  represented  in  the  above  way  in  terms  of  operators 
B,  C,  Ty  which  satisfy  the  hypotheses  (S2-4). 
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5  ■ 

I 


i 
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The  implications  of  this  hypothesis  for  the  inhomogeneous  equation  are  summarized  in  the 
Corollary  below  which  follows  immediately  from  Proposition  2.13  together  with  Lemma  2.3  and 
a  result  in  PHILLTPS  [33] . 

COROLLARY  2.15 

Let  (PO)  and  (PI)  be  satxsfied.  Then  for  every  xQ  e  H  and  every  u(*)  e  W2'2[0,TiU] 
with  AXq  +  Gu(0)  e  H  +  range  U  there  exists  a  unique  solution  pair 

y(')  *  y(*;xQ,u)  e  C[0, TjY],  x(  • )  =  x(*/xQ,u)  e  [0,T;H]  of_  (2.27).  This  solution  pair 
depends  continuously  on  Xg  e  H,  u( • )  e  W^'2!0,T)U)  and  the  H-component  of  Ax^  +  Gu(0). 
Furthermore,  x(*;Xg,u)  depends  in  C[0,T;H]  continuously  on  Xg  S  H  and 
uci  e  w1<2(0,TfU) . 

The  following  hypothesis  weakens  the  assumptions  of  Corollary  2.15  and  the  final  two 
hypotheses  are  related  to  the  state/output  and  input/output  behavior  of  the  POP  (2.27). 

<P2)  For  every  xQ  e  H  and  every  u(*>  e  W1,2[0,T>U]  with 

Axq  +  Gu(0)  e  H  +  range  ft  there  exists  a  unique  solution  pair 
yC)  -  yC;x0,u)  e  C[0,T;Y]  ,  xC)  -  x(«;Xg,u)  e  c’tO.TiH]  of  (2.27). 

This  solution  pair  depends  continuously  on  Xg  e  H,  u( • )  e  W  '^[0,T;H] 
and  on  the  H-component  of  Ax^  +  Gu(0). 

(P3)  For  every  x0  e  H  there  exists  a  unique  solution  pair 

xC)  =  x  ( •  ;xQ,0 )  e  CtO.TiH]  0  W1,2[0,T;X]  and  y  ( •  )  =  y(«|XQ,0)  e  L2(0,T>H] 
of  (2.27)  with  u( • )  =  0.  This  solution  pair  depends  continuously  on 
x0  e  H. 

(P4)  (PI)  is  satisfied  and  there  exists  a  constant  c  >  0  such  that  for 

every  u( • )  e  W2,2[0,T)U]  with  u(0)  *  0  the  following  inequality  holds 

Jo  ly(t;0,u)I2dt  <  c  /£  lu(t)l2dt  . 
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DEFINITION  2.16 


The  POP  (2.27)  is  said  to  be  well  posed  if  (PO-4)  are  satisfied. 

PROPOSITION  2.17 

Suppose  that  the  spaces  W,  H,  V,  X  and  the  operators  A,  B,  C,  T^  ,  A,  £i,  G  satisfy 
(SO),  (PO),  (2.21),  (2.23),  (2.24),  (2.29-32).  Then  the  following  statements  holds. 

( i )  The  SCS  (2.1)  satisfies  hypothesis  (Sk)  if  and  only  if  the  POP  (2.27)  satisfies 
hypothesis  (Pk)  for  k  =  1,2, 3, 4. 

(ii)  The  POP  (2.27)  is  well  posed  if  and  only  if  for  every  xQ  e  H  and  every 
2 

ul‘)  e  L  [0,T;U)  there  exists  a  unique  solution  pair 

X  ( •  )  -  x  (  •  ;xQ  ,u)  e  C  [0  ,T;  H]  H  W^tO.T.-Xl  and  y  (  •  )  =*  y(*;x0,u)  e  L2[0,TjY]  of  (2.27) 
depending  continuously  on  xQ  e  H  and  u( • )  e  L2[0,T;U]. 

PROOF:  The  proof  of  statement  (i)  is  analogous  to  that  of  Proposition  2.11  and  will  be 
omitted. 

In  order  to  prove  statement  (ii)  let  us  first  assume  that  the  POP  (2.27)  is  well  posed 
and  choose  xQ  e  H,  u(*)  e  W1,2[o,T(U)  with  AxQ  +  Gu(0)  e  H  +  range  0.  Then  it  follows 

from  statement  (i)  that  the  SCS  (2.1)  is  well  posed  and  we  can  denote  by 

x(-,xQ,u)  e  C  [0,T}H]  and  y(*,xQ,u)  e  W  '  [0,T;Yl  the  corresponding  solution  and  output 
of  (2.1).  Furthermore,  it  follows  from  Lemma  2.12  that 

x  ( t ;  Xq  ,  u )  -  x0  =  Jp  (Ax(  s  ;Xg  ,u)  +  Gu(s)  -  JJy  (  s  ,•  xQ  ,u)  ]  ds 

for  0  4  t  <  T.  Since  both  sides  of  this  equation  depend  continuously  on  Xq  e  H  and 

u(*)  e  L2[0,T;U]  we  obtain  that  x(»;Xp,u)  e  C[0,T;H]  D  W^'2[0,TfX]  and 

2  ? 
y(*?XQ,u)  e  L  [0 ,T; Y]  satisfy  (2.27)  for  every  Xq  e  H  and  every  u(#)  L  [0,T;U] .  The 

uniqueness  follows  from  the  fact  that  every  solution  x(*)  €  C[0,T?H]  H  W^'2[0,T;X]  of 

(2.27)  also  satisfies  ( 2 . 1 ; 1 )  in  V  =  X/range  12.  This  fact  also  proves  the  converse 

implication  via  the  well  posedness  of  the  SCS  (2.1).  D 


Note  that  in  the  case  of  the  SCS  (2.1)  and  of  the  BCS  (2.12)  we  have  to  assume  that 
x(*>Xg,u)  e  C^O.TjH]  in  order  to  give  a  meaning  to  the  expression  y(tix0,u)  in  a  strong 
sense.  The  previous  proposition  shows  that  for  the  POP  (2.27)  both  x(t)X0,u)  and 
y(t;x0,u)  have  a  well  defined  meaning  as  strong  solutions  for  arbitrary  x0  e  H  and 
uC  )  e  L2[0,T;U)  . 

The  relation  between  the  various  spaces  and  operators  can  be  summarized  by  the 
following  diagram  in  which  the  vertical  sequences  are  exact. 

Y 

4-” 


X 


0 


Finally,  we  point  out  that  the  above  results  can  be  combined  to  transform  the  POP 
(2.27)  directly  into  a  BCS  of  the  form  (2.12)  and  vice  versa.  These  transformations  are 
summarized  in  the  Proposition  below.  Its  proof  follows  from  the  earlier  results  of  this 
section  and  will  be  omitted. 


PROPOSITION  2.18 


(i )  Let  the  operators  A,  fl,  G  satisfy  (PO),  suppose  that  G  Is  inlectlve  and 
strictly  unbounded  and  define  Z  C  H  by 

(2.34)  Z  =  {x  e  h|Ax  e  H  +  range  G  +  range  ft) 

(2.35)  Ixl2  =  lxl“;  +  lul2  +  I Ax+Gu-ftyl2 

Z  H  U  n 

for  xez,ueu,  yey  with  Ax  +  Gu  -  Oy  e  H.  Then  Z  is  a  Hilbert  space  with  a 
continuous,  dense  injection  Into  H  and  there  exist  unique  operators  A  e  l(Z,H), 
r  e  L(Z,U],  K  e  LIZ,!)  such  that 

(2.36)  Ax  +  OKx  »  Ax  +  Grx  ,  x  e  Z  . 

These  operators  also  satisfy  (BO)  and  X  has  a  dense  range  and  Is  strictly  unbounded. 
Furthermore  x*  (_  H  is  given  by 

(2.37)  X*  =•  {x  e  h|A  x  e  H  +  range  X  +  range  T  } 
and  the  norm  on  X*  is  equivalent  to  the  one  defined  by 

(2.38)  Ixl2.  -  Ixl2  +  ly 1 2  +  IA*xtK*y-r*ul2 

for  x  e  X*,  y  e  Y,  u  e  U  with  A*x  ♦  K*y  -  T*u  e  H. 

(ii)  Let  the  operators  A,  T,  K  satisfy  (BO),  suppose  that  X  has  a  dense  range 
and  is  strictly  unbounded  and  let  X*  be  defined  by  (2.37),  (2.38).  Then  X  is  a 
Hilbert  space  with  a  continuous,  dense  injection  into  H  and  there  exist  unique  operators 
A  e  (H,X ) ,  0  e  ( Y,X ) ,  G  e  (U,X)  satisfying  (2.36).  These  operators  also  satisfy  (PO) 
and  G  is  injective  and  strictly  unbounded.  Furthermore,  Z  C  H  is  given  by  (2.34)  and 


3. 


DUALITY 


Consider  the  SCS 


x  ( t )  =  Ax(t)  +  Bu(t)  ,  x(  0  )  =  xQ  , 


(3.1  ) 


y ( t )  =  c( uI-A)-1 ( yx(  t )  -x(  t ) )  +  Tyu(t),  t  >  0  , 


where  W  C  H  ^  V  with  continuous,  dense  injections  and  the  operators  A  e  L(W,H)  fl  t(H,V), 

B  e  i( U , V ) ,  C  e  1(W,Y) ,  e  L(U,Y)  satisfy  hypothesis  (SO).  Identifying  the  spaces  H,  U,  Y 
with  their  respective  duals  we  obtain  V*  C  H  C  W*  with  continuous,  dense  injections  and 
the  adjoint  operators  A*  e  L(V*,H)  fl  (_(H,W*),  B*  e  L(V*,U),  C*  e  1(Y,W*),  e  1(Y,U) 
also  satisfy  hypothesis  (SO).  For  some  purposes  it  is  convenient  to  write  the  dual  system 
in  the  time  reverse  form 


(3.2) 


(  •  *  » 

z  ( s )  =  -  A  z(s)  -  C  v(s),  z(T)  =  z1  , 

w(s)  =  B  (Ul-A  )  1  (lizl  6  )  +  z(  s )  )  +  T^v(s),  s  <  T  , 


where  v  e  Y  is  the  input  and  w  e  V  is  the  output.  For  every  z1  e  H  and  every 
v  e  L2[0,T;Y]  the  solution  of  (3.2)  is  given  by 


(3.3)  z(s;z,,v)  =  S* (T-s ) z^  +  S*  ( t-s  )C*v(  s  Ids ,  s  <;  T  . 

Lemma  2.3  shows  that  z(*;z  ,v)  e  C^lO.TjH)  if  v(*)  €  W2'2[0,T;Y]  and  A  +  C*v(T)  e  H 

•  *  *  • 

and  that  in  this  case  z(s;z^,v)  =  z  ( s ;  -A  z^-*C  v(T),v).  Whenever 
1  2 

z(*)  =  z(*;z^,v)  e  W  •  [0,T;Hj  we  denote  by  w(#?z.j,v)  the  corresponding  output  of 
(3.2).  We  consider  the  following  hypotheses  for  the  SCS  (3.2). 

*  *  * 

(SO  )  The  operator  WI-A  :  V  ♦  H  is  boundedly  invertible  for  some 

(i  e  R,  W  =  D(  A),  and  T*-T*  =  (  A-U  )B*  (  yl-A  *)  “  1  ( Xl-A  * )  "  ’c*  for 

M  A 

all  X ,u  j*  o(A) . 
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t  .  * 


(si  ) 


The  operator  A  :  D(A  )  =  V  -*■  H  is  the  infinitesimal  generator 

* 

of  a  strongly  continuous  semigroup  S  (t)  6  L(H). 


(SI  )  is  satisfied  and  there  exists  a  constant  c  >  0  such  that 
the  following  inequality  holds  for  all  x  e  V* 


IB  S  (T-*  )xl  <  cl  xl 

L  ro(?/U] 


(S3  )  (SI  )  is  satisfied  and  there  exists  a  constant  c  >  0  such  that 
the  following  inequality  holds  for  all  v(*)  e  W^'2[0#T>Y] 


I /„  S*(t)C*v(t)dtl  <  clv( • ) I 


L  [0,T»Y1 


(S4  )  (SI  )  is  satisfied  and  there  exists  a  c  >  0  such  that  the 

following  inequality  holds  for  all  v{*)  e  with  v(T)  ■  0 


lw( • i 0 , v ) I  2 


<  clv( •  )  I 


L  (0,T;U] 


L‘(0,T;Y] 


DEFINITION  3.1 

The  SCS  (3.2)  is  said  to  be  well  posed  if  (SQ-4*)  are  satisfied.  If  the  SCS  (3.2)  is 
well  posed  and  z,  e  H,  v(*)  e  L2(0,TiY]  are  given,  we  define  z(s>  “  z(s;z^,v)  b£  (3.3) 
and  w(s)  »  w(s;z1(v)  by  continuous  extension  of  the  expression  in  (3.2)  using  (S2*)  and 
(S4  ).  w( s)  is  said  to  be  the  weak  output  of  the  SCS  (3.2). 


Although  the  next  result  is  strictly  analogous  to  Lemma  2.S  it  is  worth  being  stated 
explicitly  since  it  formulates  the  basic  properties  of  the  solutions  of  the  SCS  (3.2)  in 


the  time  reverse  situation  and  will  be  needed  in  section  5. 
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LEMMA  3.2 


Suppose  that  the  SCS  (3.2)  is  well  posed,  let  z1  e  H,  v(*)  e  L2[0,T;Y]  be  given  and 
let  z(s)  «  z(s;z.,v)  and  w(s)  --  w(s;z^,v)  be  defined  as  above.  Then  the  following 
statements  holds. 

( i )  z(,;z1,v)  e  C[0,T;H]  0  W1 ' 2 [0 , T;W* )  satisfies  (3.2)  for  almost  every 

s  e  [ 0 , T] . 

(ii)  If  zt'jz^v)  e  W1,2(0,TfH)  then  w(s;z.|,v)  is  given  by  (3.2)  for  almost 
every  s  €  [0,T] . 

( iii )  If  v ( • )  e  W1,2[0,TjY]  and  A*z,  +  C*v(T)  e  H,  then  z(«;z1#v)  e  1 [0 ,T; H] , 

4  9  •  *  *  •  • 

wt'jz^v)  e  W  ,4[0,TjU)  satisfy  z(s)z1,v)  =  z(s;-A  z^-C  v(T),v)  and  w(s;z^,v)  “ 

*  *  • 

w(s;-A  Z.J-C  v(T),v)  for  (almost)  every  s  e  (0,T]. 

Our  basic  duality  Theorem  is  the  following. 


THEOREM  3.3 


(i )  The  SCS  (3.1)  satisfies  hypothesis  (Sk)  If  and  only  if  the  dual  SCS  (3.2) 
satisfies  hypothesis  (Sk*)  for  k  *  0,1, 2, 3, 4. 


(ii)  Suppose  that 

the  SCS  (3.1) 

satisfies  hypothesis  (SO), 

that  u ( • )  e  L2 [ 0 , T ; U ] 

x  ( - ) 

e  W1'2  [0,T,-H] ,  y<  • : 

1  e  L2 [0,T;Y] 

satisfy  (3.1)  and  that  v(* 

)  e  L2[0,T;Y] , 

z  (  *  ) 

e  w1,2[o,t?h] ,  w( • : 

1  e  L2 [0,T;U] 

satisfy  (3.2).  Then 

(3.4) 


<z(t) ,x(t)>  -  <z(s),x(s)> 

H  n 

=  j*  <w(  T  )  ,u(  T  )  >ydT  -  1*  <v(T),y(T)>ydT,  0  <  S  <  t  <  T  . 


PROOF:  The  equivalence  of  (SO)  and  (S0#)  follows  from  Remark  2.1,  the  equivalence  of  (Si) 

*  * 

and  (SI  )  is  a  well  known  result  in  semigroup  theory  and  the  equivalence  of  (S2)  and  (S2  ) 

*  * 

as  well  as  (S3)  and  (S3  )  has  been  established  in  [40).  The  equivalence  of  (S4)  and  (S4  ) 

2  2 

follows  from  statement  (ii)  together  with  the  fact  that  the  functions  u( • )  €  W  '  [0,T?U] 


with  u(0)  «  0  are  dense  in  l2[0,TiU].  Now  let  the  assumptions  of  statement  (ii)  be 
satisfied.  Then 

<z(t),x(t)>H  -  <z(  s ) , x ( s ) >H 

-  J*  <Z(T),x(T)>HdT  +  J*  <Z(T),x{T)>HdT 

-  J*  <z(T),(Ul-A)-1(Ux(X)-x(X)+Bu(X))>  dX 

+  /c  <(uI-A*)_,(uz<x)+z(x)+C*v<t)>,x(x)>  dx 

8  H 

-  <B*(uI-A*)-,z(x ) ,u(x )>  dx  +  fZ  <z(x),u(uI-A)“1x(x)>  dx 

B  US  H 

t-  Jl  <v(X),C(Ul-A)'1x(X)>  dX  +  /fc  <ii(yI-A*)_1z(X),x(T)>  dx 

S  x  8  H 

-  Jt  <B*(yI-A*)_1(yz(x)+z(T)),u(x)>  dx 

8  U 

-  <v(x).C(Ul-A)'1(U.r<X)-x<T))>ydT 

-  J*  <w(x),u(x)>udx  -  /*  <v(x),y(T)>YdT  .  a 


Defining  the  operators  8(T),  C(T),  T(T),  <Jt,  pfc  as  in  section  2.1,  we  obtain  the 
following  result  as  a  straightforward  consequence  of  Theorem  3.3. 


COROLLARY  3.4 

If  the  SCS  (3.2)  is  well  posed,  then  the  following  equations  hold  for  every  z1  e  H 
ana  every  v(*)  e  L2[0,T|Y] 

2(8|Z,,v)  -  S*(T-s)z1  +  C  (T-s)Ot_sV,  0  <  s  <  T  , 
w ( • ; z ^ , v )  -  8*(T)z1  +  T * (T)v  . 
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Let  us  now  consider  the  BCS 

f  . 

x(t)  =  &x(t)  ,  x(0 )  «  xQ  , 

(3.5)  <  Tx(t)  =  utt)  ,  t  >  0  # 

y ( t )  =  Kx(t) 

V 

where  ZC  H  with  a  continuous  dense  injection  and  the  operators  A  e  L(Z,H),  P  e  L(Z,U], 
K  e  |_(Z,Y)  satisfy  hypothesis  (BO).  Then  H  L.  Z*  with  a  continuous,  dense  injection  and 

the  dual  operators  A  e  L(H,Z  ),  P  e  L(U,Z  ),  K  e  P(Y,Z  )  satisfy  hypothesis  (PO) 

*  *  *  * 

with  X  =  Z,^-A«i2=r,G  =  K.  As  the  dual  system  of  the  BCS  (3.5)  we  consider  the 
POP 


(3.6) 


z(  s ) 


r  w(s)  =  -  A  z(s)  -  K  v(s),  s  <  T,  z(T)  = 


where  v  e  Y  is  the  input  and  w  e  U  is  the  output.  If  the  BCS  (3.5)  is  related  to  the 
SCS  (3.1)  as  in  section  2.2,  then  the  POP  (3.6)  is  related  to  the  SCS  (3.2)  as  in  section 
2.3.  This  means  that  the  following  diagram  commutes. 


section  2.2 


SCS  (3.1) 


->  BCS  (  3 . 5  ) 


duality 


SCS  (3.2) 


section  2.3 
- > 


duality 

V 

POP  (3.6) 


Making  use  of  this  fact  we  obtain  the  following  duality  relationship  between  the  systems 


(3.5)  and  (3.6)  which  can  also  be  proved  directly  in  a  straightforward  way. 


THEOREM  3. 5 


(i)  The  BCS  (3.5)  satisfies  hypothesis  ( Bk )  if  and  only  if  the  POP  (3.6)  satisfies 

*  *  *  4 

hypothesis  (Pk)  with  X  =  Z,A  =  A,ft  =  r,G*K  for  k  *  0,1,4.  Furthermore .  (B2)  is 
equivalent  to  (P3)  and  (B3)  is  equivalent  to  (P2). 

( ii )  Suppose  that  the  BCS  (3.5)  satisfies  (BO ) ,  that  u(  • )  e  L2 [0 ,T;U] , 
xf)  e  L210,T;Z]  n  W1,2(0,TiH]  and  y(  • )  e  L2[0,TjY1  satisfy  (3.5)  and  that 
VC)  e  L2  [  0  ,  T ;  Y  ]  ,  z(  • )  e  W1,2[0,T;Hl  and  w(*)  e  L2[0,T;U)  satisfy  (3.6).  Then  (3.4) 
holds. 


Finally,  we  point  out  that  the  dual  system  of  the  POP 


(3.7) 


x(t)  +  fly(t)  =  Ax(t)  +  Gu(t),  t  >  0,  x(0)  -  xQ  , 


Is  the  BCS 


(3.8) 


z(s)  “  -  A  z(s)  ,  z(T)  »  z1  , 

\  flz(s)-v(s)  ,  a<T  , 

* 

w(  s )  “  G  z( 8 )  , 


where  v  e  Y  is  the  input  and  w  e  U  is  the  output. 


4.  A  PERTURBATION  RESULT 

In  the  finite  dimensional  feedback  problem 

x  =*  Ax  +  Bu  ,  u  =  Fx  , 

the  closed  loop  input  uF(t)  =  Fe*A+BF'tXg  satisfies  the  integral  equation 

uF(t)  =  FeAtxQ  +  F  /jj  eA*t"s*BuF(s)ds 

In  finite  dimensions,  this  equation  always  has  a  unique  solution.  In  infinite  dimensions 
this  nice  property  can  break  down  due  to  the  unboundedness  in  both  operators  B  and  F. 

An  example  for  this  is  provided  by  the  wave  equation  in  section  7.3.  Therefore  we  need  a 
condition  to  guarantee  that  the  operator  I  -  T(t)  is  boundedly  invertible.  Note  that  in 
our  case  the  output  operator  plays  the  role  of  F. 

From  now  on  we  will  assume  throughout  this  section  that  the  SOS  (2.1)  is  well  posed, 
that  the  operators  8(t),  C(t),  T(t)  are  defined  as  in  section  2.1  and  that  U  «  Y. 


LEMMA  4. 1 

Let  T  >  0  be  fixed.  Then  I  -  T(T)  is  invertible  if  and  only  if  I  -  T(t)  is 
invertible  for  every  t  >  0. 

PROOF :  We  fix  0  <  t  <  T  and  prove  that  I  -  T( T)  is  invertible  if  and  only  if 

I  -  T  <  t )  is  invertible.  At  various  places  we  use  Lemma  2.6  without  stating  it  explicitly. 

Let  us  first  assume  that  I  -  T(T)  is  invertible.  Then  u  -  T(t)u  =  0,  u  e  L2[0,t;U), 

»  »  *  * 

implies  that  o^u  =  oJ(t)u  *  T( T)Ofcu  and  hence  Ofcu  =  0  which  means  that  u  =  0.  Given 
i  e  L  (0,t;U]«  there  exists  a  u  e  L  (0,T;U]  with  u  -  T(T)u  *  O^y.  This  implies 

JT-tu  =  PT_tT(T)u  ~  T(T-t)PT_fcu  and  hence  PT_tu  “  0*  Therefore  u  =  afcu  satisfies 

*  —  *  *  *  * 

=  u  and  thus  =  c^u  -  TCDd^u  *  (3t  (u  ”  T(t)u)  which  implies  y  =  u  -  T(t)u. 


Conversely  suppose  that  I  -  T(t)  is  invertible  and  w.l.o.g*  0  <  t  <  T  <  2t.  Then 
it  follows  from  what  we  just  proved  that  I  -  T(T-t)  is  invertible.  Assume  first  that 

u  e  L2[0,T/U]  satisfies  u  -  T(T)u.  Then  pfcu  -  pfcT(T)u  -  T(t)Ptu  and  hence  ptu  *  0 

•  *  * 

which  implies  u  -  °T.t°T-tu*  We  conclude  that  °T_t°T_tu  “  °T-tT(T’t  °T-tU  and  thu9 

*  2 

0T  tu  -  TlT-tJo.^u  which  means  that  u  -  °T-t°T-tU  ”  Secondly»  let  V  e  L  I0,T|U]  be 

given  and  choose  uQ  e  L2[0,tjU],  u,  e  L2[0,T-tiU]  such  that  u0  -  T(t)Ug  ”  Pfcy  and 

u1  -  T(T-t)u.j  ■  o  fcy  +  C(T-t)  8(  t)Ug.  Then  it  follows  from  Lenina  2.6  that 

*  * 

u  »  ^u1  +  Ptug  satisfies  u  -  T(T)u  ■  y .  C 

THEOREM  4.2 

Suppose  that  the  SCS  (2.1)  is  well  posed,  that  U  “  Y  and  that  I  -  T(t)  e  L ( L2 [ 0 , t ; U ]  ) 
is  boundedly  invertible  for  t  >  0.  Then  the  bounded  linear  operators 

(4.1)  SF(t)  -  S ( t )  +  8<t>  [I-T(t)]_1C(t)  e  L (H ) ,  t  >  0  , 

define  a  strongly  continuous  semigroup.  Moreover, 

(4.2)  SF(t)xQ  -  S(t)x0  +  S(t-s)BuF( sixgids 

for  x0  e  H  and  t  >  0  where  the  closed  loop  input  Upt'/Xg)  e  L2[0,T;U]  is  defined  by 
UF<’,X0>  *  (I-T(T)  ]  -1  C(T)Xg. 

PROOF :  If  follows  from  Lemma  2.6  (iii)  that 

Pt[l-T(T))'1  C(T)  »  [i-T(t)]_1PtC(T)  -  (i-T(t))-1C(t) 

for  0  4  t  <  T.  This  proves  equation  (4.2)  and  the  strong  continuity  of  SF(t)  in  H 
(Lemma  2.5).  It  follows  also  from  Lemma  2.6  that  CT_t T(T)  =  T(T-t)o^,_t  +  C(T-t)B(t)Pt 


and  hence 


+  U-T(T-t)]  -1C(T-t)K(t)  [X-T(t)J-,p 

r  0  <  t  <  T.  Putting  things  together,  we  obtain  again  using  Lemma  2.6  that 

S,(T)  =  S(T)  +  8(T)  [I-nT>]"1r<T) 

=  S(T-t)  is<  t)+B(  t  )Pt  [J-T  (T)l  _1C(T)  J 

+  B(T-t)oT_t  [I-T(T)  r'c(T) 

«  S(T-t)Sptt)  +  B(T-t) (X-T(T-t)]  ’o  C(T> 

+  fi(T-t) ( 1-7 (T-t ) ] ~ 1 C(T-t ) 8( t ) [I-T ( t ) ]_1C( t ) 

=  [S(T-t)  +  8(T-t) [I-r(T-t) ]-1C(T-t) JSpIt) 

=  S  (T-t)S  (t.)  - 

F  F 

is  proves  the  Theorem.  □ 

The  next  theorem  is  concerned  with  the  properties  if  the  infinitesimal  generator  A p 
the  feedback  semigroup  SF(t). 

F.OKLM  4 . 3 

Le t  the  assumptions  if  Theorem  4.2  be  satisfied  and  let  C  H  denote  the  linear 

bspace  of  all  xq  e  H  for  which  there  exists  a  u0  e  U  and  a  u  ft  o(A)  such  that 

•  1)  Axp  *  Bu0  e  H,  un  --  C(ul-A)'1(ux0-Ax0-Bu0)  +  T  Ufl  . 

en  the  following  statements  W.lds. 


(in)  If  x  e  W(t)  then  (x,P(t)x)  e  ill  and 


)  <F(t)x,K(t)x)  =  F(  x ,P( t)x  ) 


0  <•  t  <■  T.  Furthermore  the  following  equation  holds  for  0  <  t  <  T  and  x,z  e  W(t) 


)  <Z,P(t)x>  =  Jj  <F(*(T,t)z,P(T)*(T,t)s),  F(*(T,t)x,P<T)*(T,t)x)>  dx 

t  UxY 


:  Theorem  5.1  and  Lemma  5.4.  □ 


An  essential  feature  of  the  above  Theorem  is  that  the  feedback  operator 
€  i.  (W(  t )  ,U)  is  unbounded  with  respect  to  H  and  will  in  general  have  no  bounded 
ision.  Furthermore,  it  is  important  to  note  that  F(t)x  e  U  depends  not  only  on 
but  also  on  x  itself  (see  equation  (5.19)).  This  change  to  the  product  space 
fxH  is  the  key  feature  in  equation  (5.20)  which  may  be  considered  as  a  generalized 
on  of  the  integral  Riccati  equation  (compare  CURTAIN-PRITCHARD  [6],  GIBSON  [17], 
:HARD-SALAMON  (34|  ).  If  the  input  and  output  operators  B  and  C  are  bounded  with 
!Ct  to  H  then  F(t)  is  bounded  as  well  and  furthermore  W(t)  =  W  in  that  case.  The 
:r  follows  from  equation  (5.5)  in  connection  with  the  fact  that  the  operator 
(T)F(T)  is  boundedly  invertible  on  W  '  (0,T;U)  if  B  and  C  are  bounded, 

tunately  we  were  not  able  to  prove  in  general  that  W(t)  is  dense  in  H  and  leave 
as  a  conjecture.  Another  interesting  open  question  is  whether  there  is  a  way  to 
^rentiate  equation  (5.20)  in  order  to  derive  some  kind  of  a  differential  Riccati 
ion  for  the  operator  P(t)  .  A  question  which  we  have  not  addressed  is  the  uniqueness 
he  solution  operator  P(t)  of  (5.20).  Finally  we  point  out  that  a  cost  functional 
an  (arbitrary  nonneqative)  additional  weighting  term  on  the  final  state  x(T)  can  be 
:ed  in  an  analogous  way  as  presented  in  this  section. 


-5C- 


2  2*2 

»VH  +  “Axo+Buo'h  +  ,c  yl*H  for  x0  e  w(t)  “here  uQ  F(t)x0  e  U  and  y,  «  K  are 
chosen  such  that  (5.9)  holds  with  •  0  and  T  replaced  by  T-t  (see  Remark  S.3  (i)). 
Then  F(t)  e  L(W(t),U),  A+BF(t)  e  L(W(t),H)  and  we  define  K(t)  e  L(W(t),Y)  by 

(5.14)  K(t)  -  C((il-A)_1  (Ul-A-BF(t)  )  +  TyF(t) 
for  0  <  t  <  T.  Finally,  we  define  *(t,s)  for  0  <  s  <  t  4  T  by 

(5.15)  *(t,s)  =  II  0]  S(t-siT-a)  [*]  . 

THEOREM  5.5 

Suppose  that  the  SOS  (5.2)  is  well  posed  and  let  Xg  e  H  be  given.  Then  the 
following  statements  hold. 

(1)  xQ  e  W(  0 )  If  and  only  if  u(«ix0)  e  W1,2[0,T|U],  yCixQ)  e  W1,2[Q,T|Y], 
x(«ix0)  e  C1 1 0 ,  T ;  H  ] ,  z  (  • ;  xQ  )  e  c’tO/TiH).  Jtf_  X0  e  W(0)  then  x(t)  e  W(t)  for  0  <  t  4  T 
and 

(5.16)  u(t>Xg)  *  F(t)x(tiXg),  y(t»x0)  «  X( t ) x ( t >Xq ) 

( ii )  The  operator  *(t,s)  e  L < H )  0  L(W( s) ,W(t) )  satisfies  *(t,l )*(T ,s)  •  *(t,s), 

♦  (s.s)  =■  I  and 

(5.17)  x(tjx0)  -  ♦(t,s)x(six()) 

for  04s4t4t4T.  lt_  x  e  W(s)  then  ♦(•,s)x  e  C1  [s,T)H]  and 

(5.18)  d/dt  *(t,s)x  «  [A+BF( t) ] *(t , s) x  “  ♦ (t , s) [A+BF( s ) ] x 
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JF:  It  follows  from  (5.5)  that 


x(t)  -  S(t)x0  -  8(t)[i+T  (t)r(t)]'1jT*(t)C(t)x0+c*(t)z(t)j 
z(t)  -  S*(T-t)z,  +  C*(T-t)  [I+T(T-t)T*(T-t)]-1(c(T-t)x(t)-T  (T-t)B*(T-t)z,J 

0  <  t  <  T.  This  proves  (5.11)*  In  order  to  prove  statement  (ii)  let  us  first  assume 
t  x  ( * )  eC'(0,T|H|,  Z<  • )  e  c1  [0,T;H]  ,  u(  •  )  e  W1 ' 2  (0 ,  T;  U]  ,  y(  •  )  e  W1'^(0,T;YJ  .  Then  it 
lows  from  Lemma  2.5  and  Lemma  3.2  that  (5.9)  holds  with  uQ  =  u(0),  y,  =  y(T). 
versely,  assume  that  (x0,z,)  e»(T),  =  F  <T)  (Xq.z,  )  and  define 

u ( t )  “  u0  +  /q  u(sjT,Axq+Bu0,-A  z^-C  y1 )ds 
y(t)  =  y  1  ~  Ii  y(sjT,Ax0+Bu0,-A  z^-C  y^da 

0  <  t  <  T.  Then  Leoma  2.5  shows  that  y(*jx0,u)  e  W1,2[0,T(Y]  satisfies 
yCl*0.u)  *  y(*jAx0+BuQ,u) 

*  * 

=  y(’lAx0+BuQ,-A  Zl-C  y  ^ ) 

=  yC)  • 

thermore,  it  follows  from  (5.9(2)  that  y(0)  «  y(0(Xg,u)  and  hence  y( • )  =  y(»;xQ,u). 
logous  arguments  U3ing  Lemma  3.2  and  (5.9(1)  show  that  u(  • )  -  -  wl'iz^y).  Hence 
)  and  y(  •  )  satisfy  (5.4)  and  we  conclude  that  u( • )  =  u(*;T,Xq,z^)  and 
)  =  y  ( •  ;T,x(J,z1 ) .  This  proves  the  statements  (ii)  and  (iii).  Finally,  statement  ( iv  ) 
an  operator  theoretic  reformulation  of  statement  (iii).  O 

In  order  to  apply  the  previous  Lenuna  to  the  linear  quadratic  control  problem  we 

2 

roduce  the  Hilbert  space  W(t)  =*  {x^  e  H|(x  ,0)  e  W(T-t)}  with  the  norm  *xo'w(t)  = 


(S.10>2) 


Q(t)  «  8  (t )  [I+T*( t) T(t) ] _1  B*(  t)  , 


(5.10)3) 


R(t)  -  8(t) [l+T*(t)T(t>rV(t)C<t>  , 


for  0  <  t  <  T. 


LEMMA  5.4 


Suppose  that  the  SCS  (5.2)  is  well  posed,  let  ( xQ , z ^ )  e  H  be  given  and  let  u(t)  * 
utOTjXo,*! ),  y(t)  »  y(t)T,x0,z1 ) ,  x(t)  «  x(  t  r  T,  xQ ,  z, ) ,  z(t>  -  z(t;Tfx0>z1)  be  defined  as 
above.  Then  the  following  statements  hold. 

(1)  For  every  t  e  [0,T] 


(5.11) 


(x(t),z(t))  -  S(t)T)(x0, z, ) 


(11)  (  Xq  « z  ^ )  e  W(T)  If  and  only  If  xC)  e  c’tO.DH],  z(  •  )  e  c’lO.TiH], 

uci  e  w1'2(0,t»h],  yC)  e  w1'2 [o,tiy]  . 

( 111)  If  (x0,z.,)  e  W(T)  then  x(t),  z(t),  u(t),  y(t)  are  the  weak  solutions  of 
(5.2)  and  (5.3)  with  (x0,z.,)  replaced  by  (A+8F (T) ) (xQ ,z^ ) ■  Moreover,  (x( s) , z( t ) )  e  W( t-s ) 

for  0  <  a  <  t  <  T  and 


(5.12) 


(u(a),y(t))  e  F(t-s)(x(s)/z(t) ) 


(lv)  If  (x0,z,)  e  W(T),  then  SCiIlIXj,!,)  6  CH.TlKl  flC’fO.TiHl  and 


d/dt  S(t)T)  (x0,z1 )  ”  [A+8F!S(  t;T)  (xQ,z1 ) 


S<t)T)(A+8F(T>)  (x.,z, ) 


for  0  <■  t  <  T. 
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(5.9;  1) 


(5. 9;  2) 


uc  +  /q  u(t;T,Ax0+Bu0#-A  z^C  y^dt 

*  *  -1  *  »  * 

=  -  B  (PI-A  )  ( U z1 -A  z^-C  y  ^ )  -  Tyy1  , 

y,  -  Jq  y(t;T,Ax0+Bu0,-A  Zj-c  y,)dt 
=  C(ul-A)  1  (Ux0-Axq-Bu0)  +  T^Uq 


REMARKS  5.3 

(i)  Note  that  equations  (5.9)  are  independent  of  |i  ^  l(i).  Furthermore,  the  next 
Lemma  shows  that  Uq  e  U  and  y^  e  Y  are  uniquely  determined  by  (5.9)  if  (Xg,z^)  e  W(T) 
is  given.  Finally,  Uq  and  y^  depend  continuously  on  Xg  e  H,  AXq  +  BUq  e  H,  Zy  e  H, 
A*z1  +  C*y1  e  H.  This  allows  us  to  make  W(T)  into  a  Hilbert  space  by  defining 


,(VVw<T) 


lx  I2  +  I Ax  +Bu  I 2  +  Iz  I2  + 
OH  0  0  H  1  H 


IA  z^  Yl 


for  (  xq  ,  z  ^ )  e  (j](.  T)  where  u0  e  U  and  y1  e  Y  are  chosen  such  that  (5.9)  holds. 

(ii)  The  operator  F(T)  :  U/(T)  ♦  (J  defined  by  F(T)(x0,r^)  “  ( u0 ,  y  i  )  for 
(Xq.z,)  e  W(T),  (ug.y,)  e  U  satisfying  (5.9)  is  bounded  and  linear. 

(iii)  A+6F(T)  is  a  bounded  operator  from  ft/ (T )  into  H  and  a  closed  operator  on  tf. 
The  norm  on  W(T)  is  prec  sely  the  graph  norm  of  A+BF(T).  Unfortunately  we  were  not  able 
to  show  that  W(T)  is  dense  in  H  and  leave  this  as  a  conjecture. 

(iv)  Note  that  ft/ ( 0 )  =  W  and  F(0)  =  f  . 


Finally,  we  introduce  the  operator  S(t;T)  @  L<H>  by  defining 


'  I 

Q(  t) 

-1 

S(t)-R(t) 

0 

* 

* 

-P(t) 


X 


0 


S  (T-t)-R  (T-t) 


<yo<i'o> 


-  <UQ,U0> 


-  -  <y0,C(Wl-A)_,Bu0>  +  <y0.TlJU0>  > 

which  implies  Ug  =  0,  yg  -  0.  Now  observe  that  the  unique  solution  (ug,yg)  ?  U  of  (5.8) 
depends  continuously  on  xg  e  H,  Axg  +  Bug  e  H,  Zg  e  H,  A*Zg  +  C*yg  e  H.  This  implies  that 
the  norm  in  (iii)  makes  W  into  a  Hilbert  space  and  (equivalently)  that  A  +  BF:  U  *  H  is 
a  closed  operator  on  H.  Note  that  the  norm  on  U/  is  precisely  the  graph  norm  of  A  +  8fi 
Furthermore,  we  obtain  f  e  LIU1,  U) . 

It  remains  to  show  that  W  is  dense  in  H.  For  this  purpose  let  Xg  e  H, 
uC)  e  L2  [0,T;U]  be  given  and  let  xC)  e  C[0,T|H]  flw’^lO.TiV]  and  y(  •  )  e  L2[0,T|Y] 
be  the  unique  solution  and  output,  respectively,  of  (5.2)  in  the  weak  sense.  Then 

x  -  Jg  x(t)dt,  u  -  / g  u(t)dt,  y  “  /g  y(t)dt 

satisfy  Ax+Bu  »  x(T)  -  Xg  e  H  and  y  -  C(pl-A)  ^px-Ax-Bu)  +  Tyu.  The  latter  equation 
has  first  to  be  established  for  u( • )  e  W1,2(0,T;U}  with  AxQ  +  Bu(0)  e  H  and  follows  in 
general  from  continuous  dependence.  Since  the  same  arguments  apply  to  system  (5.3)  we  get 

^  (/g  x(tiT,x0,z,)dt,  / g  z(t»T,x0,z1)dt)  e  W 
for  all  ( Xg ,  z  ^ )  e  H  and  all  T  >  0.  Therefore  U>  is  dense  in  H .  □ 

The  next  and  most  important  step  in  the  development  of  this  section  is  the  characteri¬ 
zation  of  those  pairs  Xg.z,  for  which  the  corresponding  solutions  of  (5.4)  are 
differentiable.  For  this  purpose  we  introduce  the  subspace  W(T)  C  H  of  all  those  pairs 
( Xg ,  2 ^ )  e  HI  for  which  there  exists  a  pair  (ug,y?)  e  li  such  that  Axg  +  Bug  e  H, 

A*z1  +  C*y-|  e  H  and  the  following  equations  hold  for  some  p  li  0(A) 
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For  notational  purposes  we  first  introduce  the  spaces  U  =  V  *  w  , 

U  »  0  x  Y  and  the  operators  A  e  8  S  LUi.l/)  by 


- 

r  - 

A  0 

B  0 

* 

II 

CO 

* 

< 

I 

o 

1 

0  -c 

1  1 

_ 

Furthermore,  we  define  III  C  H  to  be  the  linear  subspace  of  all  pairs  (Xg,Zg)  e  H  for 
which  there  exists  a  pair  (u0,y0)  e  U  such  that  AxQ  +  Bug  e  H,  A*zQ  +  c*yo  e  H  and  the 
following  equations  hold  for  some  p  £  o(A) 


(5.8) 


(“O’’  B*(Ul-A*)_1(Mz0-A*z0-C*y0)  -  T*y0  , 
[  VO  ■  C(PI-A)_1(px0-Ax0-Bu0)  +  T^Uq  • 


LEMMA  5.2 

( i )  If  (5.6)  holds  for  some  u  ft  o(A)  then  it  holds  for  every  p  )&  o(A). 

( ii)  Given  (xQ,z0)  e  III ,  the  pair  (u0,y0)  e  0  Is  uniquely  determined  by  (5.6)  and 
will  be  denoted  by  (u0,yQ)  =F(x0,z0). 

( ill)  The  norm 


l(WV 


0  H 


+  I  Ax  +Bu  I2  +  Iz  I2 
0  OH  OH 


+  IA  z„+C 


'  .2 

y  i 

o  H 


for  (Xq,Zq)  fill,  (Uo'^O^  =  F(x0,Zg)  makes  hi  into  a  Hilbert  space  with  a  continuous 
dense  injection  into  H  . 

( iv)  F  e  U  III,  U)  and  A  +  8F  @  Uhl,  H) .  Moreover ,  A  +  8F  is  a  closed  operator  on  H  . 


PROOF:  Statement  (i)  follows  straightforwardly  from  the  compatibility  condition  (2.3).  In 

order  to  establish  statement  (ii)  suppose  that  (5.8)  holds  with  xo  “  z0  =  0.  Then 

* 

Bug  e  H,  C  yg  e  H  and  Q 

-  a 

-44- 


«■  aJL ->-1  w 'o' t  V I.-  o  .-Vo 


The  existence  and  uniqueness  of  the  optimal  control  follows  from  the  fact  that  this 
quadratic  functional  is  nondegenerate.  Since  its  derivative  vanishes  at  the  optimal 
control  u(*)  »  u(*»xQ)  e  L^[0,T»U]  we  get 

u  -  -  T  *(T)(C(T)x0  +  T  (T)u) 

and  hence  u  is  characterized  by  (5.4)  with  zy  m  0.  This  implies  y(*)  *  y(‘txQ)  * 
[I+T(T)T*(T))-1C(T)x0  and  hence  z  (0)  «=  C*  (T)  [I+T(T)T*  (T>  ] -1  C(T)xQ  -  p(o  )  xQ  (corollary 
3.4).  In  general  equation  (5.6)  follows  from  the  fact  that  T  >  0  can  be  chosen 
arbitrarily  together  with  the  uniqueness  of  the  optimal  control.  Finally,  we  get 

J(u)  -  <y,C(T)x0+r(T)u>  +  <u,u> 

-  <y,C(T)x0>  +  <u+T* (T)y ,u> 

-  <[i+r(T)r*(T)]'1c(T)x0,c(T)x0> 

-  <Xq,P(0)xq>  . 

This  proves  the  Theorem.  □ 

The  aim  of  this  section  is  to  represent  the  optimal  control  in  feedback  form  and  to 
derive  a  Riccati  type  equation  for  the  optimal  cost  operator  P(t).  The  main  difficulty  in 
this  direction  is  to  give  a  meaning  to  the  operator  B  P(t)  since  B  is  unbounded  and 
P(t)  will  in  general  have  no  smoothing  properties.  This  may  lead  to  an  unbounded  feedback 
operator  as  was  first  observed  by  LASIECKA-TRIGGIANI  [27]  in  the  context  of  the  higher 

dimensional  wave  equation  with  Dirichlet  boundary  control.  Another  problem  arises  from  the 

* 

fact  that  th.  operator  is  needed  for  the  representation  of  the  output  of  the  dual 

system.  We  will  overcome  these  difficulties  by  means  of  studying  the  differentiable 
solutions  of  the  coupled  system  (5.2),  (5.3). 
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depend  continuously  on  all  four  variables  and  are,  of  course,  linear  in  (x0,z^>  e  H  «H 
For  our  first  result  on  the  linear  quadratic  control  problem  we  need  the  operator 


P(t)  e  1(H)  defined  by 


(5.6) 


P(t)  =  C*(T-t)  [I+T(T-t)  f  (T-tll^CtT-t) 


for  0  <  t  <  T. 

THEOREM  5.  1 

Suppose  that  the  SCS  (5.2)  is  well  posed.  Then  for  every  Xq  e  H  there  exists  a 

2 

unique  optimal  control  u(*;Xg)  e  L  [0,T;U]  which  minimises  the  cost  functional  (5.1) 
subject  to  (5.2).  This  optimal  control  is  characterized  by  (5.4)  with  z1  =  0.  The 
optimal  output  of  (5.2)  is  denoted  by  y(t/Xg)  and  the  corresponding  weak  solutions 
x(t;xQ)  and  z(t|Xg)  of_  (5.2)  and  (5.3),  respectively,  satisfy 

(5.6)  z ( t > Xq )  -  P(t)x(tixQ) 

for  0  <  t  <  T.  The  optimal  cost  is  given  by 


(5.7) 


J(u>  -  <x0.P(0)x0>H 


<C(T)x  ,y(';xfl)>  , 

L  10,T»Y] 


PROOF:  The  cost  functional  J  :  L^(0,TjU] 


R  can  be  written  in  the  form 


J(u)  =  «C(T)x  +  r<T)ul2  +  lul2 

L2[0,T)Y]  l2[o,t,-u) 


*  <x0,C  (T)C(T)xQ>  +  2<u,T  (T)C(T)xQ>  +  <u,T  ( T ) T (T)u+u> 


5.  THE  LINEAR  QUADRATIC  OPTIMAL  CONTROL  PROBLEM 

In  this  section  we  consider  the  problem  of  minimizing  the  quadratic  cost  functional 


J(u)  -  In  ['y(t)l*  +  lu(t)«2]dt 


where  y(t)  is  the  weak  output  (Definition  2.4}  of  the  well  posed  SCS 


x(t)  “  Ax ( t )  +  Bu ( t ) ,  x(0)  »  xQ  e  H  , 


y ( t)  =  C(UI-A)  (ux(t)-x(t) )  +  Tyu(t),  t  >  0  , 


corresponding  to  u(*)  e  L2[0,T(U].  The  optimal  control  will  be  characterized  in  terms  of 


the  dual  SCS 


z(t)  -  -  A  z(t)  -  c  y(t),  z(T)  •  z  e  H  , 


u(t)  -  -  B*(Ul-A*)"1(UZ<t)+z(t))  -  T*u(t),  t  <  T  , 


which  is  again  to  be  understood  in  its  weak  form  (Definition  3.1).  Making  use  of  the 
operators  8(T),  C<T),  T(t)  introduced  in  section  2.1  we  can  rewrite  the  coupled  system 
(5.2),  (S.3)  in  the  equivalent  form 


u  -  -  8  (T)zn  -  T  (T)y  , 


y  «  C(T)x0  +  T(T)u 


For  all  xg  e  H,  z1  e  H  these  equations  have  a  unique  solution  pair  u( • ) 
uf’jT.Xp.z^  e  L2[0,T;U],  y(  • )  »  y(  •  ;T,Xg  ,z1 )  S  L2[0,T  ;YJ  given  by 


u(*;T,x0,z1)  =  -[I+T*(T)T(T)]_1(r*(t)C(T)x0  +  8*<T)z  >  , 


y (  •  ,•  T , xQ  , z  1  )  =  U+T(t)T  (T)]  ’(C(T)x0  -  T(T)8  (T)  z^ )  . 


The  corresponding  solutions  xftjT.Xg.z^  e  H  of  (5.2)  and  zftiT.Xg.z^  e  H  of  (5.3) 
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PROOF:  It  follows  from  (2.8),  (2.10),  (2.11)  that  xQ  e  H  and  uQ  e  U  satisfy  (4.3)  if 

and  only  if  xQ  e  Z  and  Tx0  =  uQ  =  KxQ.  This  proves  the  statements  (i)  and  (iii). 
Furthermore,  the  equations  (4.4)  and  (4.5)  show  that  KSptMXg  =  Up(*;Xg)  =  (I-T(T)J  1 T ( t ) 
for  X0  e  Wp.  This  implies  (4.7).  G 


If  { (u-Tyu,Bu) |u  e  u}  C  U  X  V  is  a  closed  subspace  and  xQ  e  P(Ap)  then  it  follows 
from  (4.4),  (4.5)  with  t  approaching  zero  that  the  pair  (C(pl-A)  ^  (UXg-ApXg * '  ApXg-AXg) 
lies  in  this  subspace.  But  this  implies  Xg  e  Wp. 

If  C  e  L(H,Y)  and  *  C(yl-A)  ^B,  then  the  closed  loop  input  is  always  given  by 

uF(t;x0)  =  esF(t)x0  and  is  in  particular  continuous  for  t  >  0.  Hence  it  follows  from 

statement  (ii)  that  P(Ap)  »  Wp.  □ 

Unfortunately  we  were  not  able  to  determine  the  domain  of  Ap  in  general  and  it  does 
not  seem  likely  that  P(Ap)  is  always  equal  to  Wp.  Under  the  assumption  that  either  the 

input  or  the  output  operator  is  bounded  with  respect  to  H  the  previous  theorems  have  been 

established  in  [40].  Furthermore,  the  operator  I  -  T(t)  is  always  invertible  in  these 
cases . 

The  next  Lemma  establishes  some  elementary  relations  between  the  closed  loop  spectrum 
and  the  properties  of  Ty.  In  finite  dimensions  these  relations  provide  the  basis  for  the 
proof  of  the  Nyquist  criterion  for  the  stability  of  feedback  systems. 


LEMMA  4.4 


Let  the  assumptions  of  Theorem  4.2  be  satisfied  and  let  p  j6  0(A)  be  given.  Then  the 
following  statements  hold. 

(i)  u  e  PO(A„)  if  and  only  if  ker  (I-T  )  ker  B.  Furthermore ,  Apxn  “  px.  if 


and  only  if  there  exists  a  uQ  e  U  such  that  TyUg  “  Ug  and  Xq  “  (Pl-A)  BuQ. 

( ii)  u  e  Ro ( Ap )  if  and  only  if  ker  (I-T^)  C  ker  B  and  cl (range  C)  £ 
cKrange  (I-T^)). 


(iii)  If  1  ^  o(Tu)  then  y  £  o(Ap)  and  £MAp)  -  Wp. 


lit 

PROOF :  If  0  f  Xq  e  V ( Ap)  with  ApXg  »  wXg  then  S(t)Xg  »  e  xg  e  Wp  for  t  >  0 
(Theorem  4.3  (ii))  and  hence  Xq  e  Wp.  Thus  there  exists  a  Ug  S  U  such  that  (4.3)  holds 
and  therefore  uxQ  »  ApXg  =  AXq  +  Bug  and  Ug  -  TgUg  =  C(ul-A)  *,Jxg-Apxg'  =  Since 

u  ^  o(A)  we  conclude  that  Bug  ?  0  and  thus  ker  (I-Ty)  ker  B.  Conversely  suppose  that 
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( i )  If  Xq  e  Wp,  Uq  e  U,  u  0(A)  satisfy  (4.3)  then  Xq  e  P(Ap)  and  ApXg  “  **0 
+  BUq.  Furthermore ,  uF(*;xQ)  e  W1,2[0,T»U],  Sp(*)Xg  e  C’lO.TjH]  satisfy 
up( t ; Xq )  =  up( t; AfXq ) ,  Up( 0 ; Xq )  =  uQ  and  for  t  >  0 

(4.4)  d/dt  Sp(t)xQ  =  ASp(t)xQ  +  BUp(t;x0)  «  Sp(t)ApXg  , 

(4.5)  uF(tJx0)  =  C(UI-A)_1SF(t)(liI-AF)x0  +  T^UjXq)  . 

(ii)  If  Xq  e  D(Ap)  then  SF(t)x0  e  WF  and  (4.4),  (4.5)  hold  for  all  t  >  0. 
Furthermore ,  xQ  e  Wp  if  and  only  if  xQ  e  £)( AF)  and  uF(t>x0)  is  continuous  at  t  «  0. 
(iii)  WF  is  dense  in  H. 

(iv)  If  {(u-T^u.Bu) |u  e  V}  is  a  closed  subspace  of  U  x  V  then  P(Ap)  »  Wp. 

(v)  _If_  C  e  (.(H,  Y)  and  Ty  »  C(UI-A)-1B  then  P(Ap)  «  Wp. 

PROOF;  Suppose  that  xQ  e  H,  uQ  e  V,  U  jt  0(A)  satisfy  (4.3)  and  define  u(*)  e  W1,2[0,T;U] 
by 

u(t)  «  u0  +  /q  v(s)ds,  v(«)  -  [I-T(T))"1C(T)  [Ax0+Bu0) 

Then  it  follows  from  Lemma  2.5  that  y(*;x0,u)  e  W1,2[0,TjU)  with  y(0;x0,u)  » 

C(ul-A)'1 (yx0-Ax0-BuQ)  +  T^Up  -  u0  and  y(’;xQ,u)  -  y( • iAxq+Bu0 ,v)  -  C(T) (Ax0+Bu0 )  + 

7”(T)v  =  v.  Therefore  we  obtain  from  the  definition  of  u( • )  that  u( • )  “  yl'jXgjU)  “ 

C(T)Xq  +  f(T)u.  But  this  implies  u(t)  =  uF(t;Xg)  and,  by  (4.2),  Sp(t)x0  *  x(t>x0,u) 
for  0  <  t  <  T.  Hence  statement  (i)  follows  from  Lemma  2.5. 

If  Xq  e  P(Ap)  then  Spf'jxg  =>  x  (  •  >Xq  ,Up(  •  >Xq)  )  e  C^O.TiH)  and  hence  it  follows 
from  Lemma  2.5  (ii)  that  (4.4)  and  (4.5)  hold  for  almost  every  t  >  0.  Hence  Sp(t)Xg  e  Wp 
for  almost  every  t  >  0  and  statement  (ii)  follows  from  the  fact  that,  by  (i),  Wp  is 
invariant  under  Sp(t). 

The  density  of  Wp  in  H  follows  immediately  from  statement  (ii). 
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We  close  this  section  with  the  discussion  of  four  interesting  special  cases. 


COROLLARY  5.6  (bounded  input  operator) 

Suppose  that  the  SCS  (5.2)  is  well  posed,  that  B  e  L(U,H)  and  that 
«  C(yl-A)  .  Then  the  following  statements  hold. 

(i)  W  «  {(Xg.Zg)  e  W  x  H| A  zQ  +  C  Cx0  e  H}  and  F(x0,Zq)  “  (-B*z0,Cx0)  for 
(x0,zq)  e  W.  The  space  W(t)  consists  of  all  xQ  e  W  for  which  there  exists  a  y1  e  Y 
such  that  C*y^  e  H  and 


(5.21) 


B  P(t)xQ  -  /g-t  u<8)T-t,AxQ-BB  P(t)xQ,-C  y  1  )ds  , 
y1  -  CxQ  +  y(siT-t,Ax0-BB  P(t)xQ,-C  y^ds  . 


Moreover  F(t)x  «  -  B*P(t)x  and  X(t)x  -  Cx  for  x  e  W(t). 

( ii)  The  optimal  control  is  always  continuous  and  characterized  by  the  bounded 
feedback  law 


(5.22)  u(tfx0)  -  -  B*P(t)x(t;xQ)  . 


Moreover,  the  following  equation  holds  for  all  x  e  H  and  0  <  s  <  t  <  T 


(5.23) 


ft  * 

*(t,s)x  =  S(t-s)x  -  I  S(t-T)BB  P(T)*(T,s)x  dT 
s 

=  S(t-B)x  -  *(t,T  )BB*P(t  )S(t-s)x  dT 


( ill)  The  following  equation  holds  for  all  t  e  [0,Tl  and  all  x,z  e  W 


(5.24) 


<z,P(t)x>  =  <CS(T-t)z,CS(T-t)x> 

-  <B*P(T)S(t-t)z,B*P(T)S(T-t)x>dT 


( iv)  If  x  e  W  then  P(*)x  e  C ^  C 0 , T > W* ]  and  the  following  equation  holds  for 
0  <  t  <  T 


(5.25) 


d/dt  P(t)x  +  A*P( t ) x  +  P( t ) Ax  -  P(t)BB*P(t)x  +  C*Cx  -  0  . 


PROOF:  It  follows  from  (5.4)  and  (5.6)  that  u(t)XQ)  -  -  B*z(tix0)  *  -  B*p( t)x(tixQ)  for 
all  t  e  [0,T]  and  all  Xg  e  H.  This  proves  statement  (11).  Statement  (1)  follows  from 
statement  (ii)  and  equation  (5.9). 

In  order  to  prove  statement  (iil)  we  make  use  of  the  fact  that  the  operator 
S(UI-A)  1  converges  strongly  to  the  identity  in  L(H)  as  V  approaches  +  **•  We  replace 
C  e  L(W,Y)  by  Cy  -  WC(UI-A)-1  e  !<h,Y)  and  denote  by  ( T ) ,  Ty(T),  P^tt),  0  <  t  <  T, 

the  operators  which  replace  C(T) ,  T(T),  P(t),  respectively.  Using  hypothesis  (S3)  in 

*  • 

section  2.1  one  shows  easily  that  the  operators  C  y(T) ,  C ^ (T) , T  (T) ,  T  (T)  converge  to 
C(T),  C  (T),  T(T) ,  T*(T),  respectively,  in  the  strong  operator  topology.  In  the  case  of 
the  operator  T( T)  it  is  useful  to  consider  first  the  case  B  *  I,  U  -  H  and  to  recall 
that  the  SCS  (5.2)  is  wellposed  in  this  case  by  duality.  Hence  the  operator  Py(t) 
converges  to  P(t)  in  the  strong  operator  topology.  It  is  well  known  [6],  (17),  (34)  that 
the  operators  P^(t)  satisfy  equation  (5.24)  with  c  replaced  by  Cy .  Since  IP^ft)!  < 
IP^(0)l  we  can  apply  the  dominated  convergence  theorem  to  these  equations  and  get  (5.24). 

Now  statement  (iv)  can  be  established  by  differentiating  (5.24)  as  in  [34].  In  a 
straightforward  way  we  obtain  the  following  weak  form  of  (5.25)  for  x,z  e  P(A^) 

d/dt  <z,P(t)x>  +  <Ax,P( t)>  +  <P( t ) z , Ax>  -  <B*P( t ) z , B*P( t ) x>  +  <Cz,Cx>  =  0  . 
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By  continuous  extension  this  equation  holds  for  all  x,z  e  W.  Furthermore,  the  equation 
can  be  rewritten  in  the  form 


<z,P(t)x>  =  <z,jT  [A*P(  B ) x+P ( b) Ax-P ( s)BB*P ( s) x+C*Cx] ds>  # 

c  W,W 


This  proves  (5.25).  □ 


The  differential  Riccati  equation  (5.25)  in  Corollary  5.4  has  been  established  in  [34] 
under  the  additional  assumption  that  B  e  i(U,H)  satisfies  hypothesis  (H2)  with  H 
replaced  by  W.  Under  this  condition  also  the  uniqueness  for  nonnegative  solutions  of 
(5.25)  has  been  shown  in  [34]  and  one  can  easily  see  that  6(t(a)  e  L(W).  It  seems  that 

the  latter  does  not  hold  in  general  under  the  assumptions  of  Corollary  5.4 

COROLLARY  5.7  (bounded  output  operator) 

Suppose  that  the  SCS  (5.2)  la  well  posed  and  that  C  e  L(H,Y)  and  «  C(ul-A)  'b. 
Then  the  following  statements  hold. 

(1)  W-  (<VV  e  H  X  v*l**o"  BB**o  *  H*  5Si  Ftx0'20)  “  <-B**0,Cx0)  for 

( Xq  .  zq  )  e  III.  The  space  W(t)  consists  of  all  x0  e  H  for  which  there  exist  u0  e  U, 

yi  e  Y  such  that  Ax0  +  Bug  e  H  and 


(5.26) 


uQ  +  jg  tu(siT-t/AXg+BUg,-C  y^ds  -  0  , 

y1  ”  +  /g”ty(  s  J T-t , AXg +BUg  /“C*yj  )ds  . 


If  these  equations  hold,  then  P(t)Xg  e  V*  and  F(t)Xg  »  -  B  P(t)xg  »  ug  and  K(t)Xg  ■  CXg. 
(il)  The  following  equation  holds  for  all  x,z  e  H  and  0  <  t  <  T 


(5.27)  <z,P(t)x>  =  j£  <C*(T,t)z,CS(T-t)x>dT  . 
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( iii)  The  following  equation  holds  for  0  <  t  <  T  and  x,z  6  W(t) 


(5.28) 


<z,P(t)x>  =  <C*(T  ,t)z,C*Ct  ,t)x>dl 

+  <B*P(T)*(T(t)z,B*P(T)*(T,t)x>dT  . 


PROOF:  It  follows  from  Theorem  5.3  that  <x0,p(0)x0>  =  <y(  •  ;xQ  ) ,  C(T)xQ>.  This  proves 
(5.27)  for  t  »  0  and  x  «  z.  In  general  (5.27)  follows  from  the  fact  that  P(t)  is  self 
adjoint  and  plays  the  role  of  P(0)  for  the  control  problem  on  the  time  interval  [t,T). 
The  statements  (i)  and  (iii)  follow  from  (5.9)  and  Theorem  5.5.  O 

COROLLARY  5.8  (strictly  unbounded  input  operator) 

Suppose  that  the  SCS  (5.2)  is  well  posed,  that  B  is  Injective  and  strictly  unbounded 
with  respect  to  H  and  that  the  operators  A,  T,  K  are  related  to  the  SCS  (5.2)  as  in 
section  2.2.  Then  the  following  statements  hold. 

(i)  t(x0.z0)  e  z  x  h|a*zq  +  k*kxq  +  r*rx0  e  h}  and  F(x0,z0)  -  <rx0,Kx0) 


for  (x0,z0) 

e  (if. 

The 

space  W(t) 

consists  of  all  xn  S  Z  for  which  there  exist  u,  e  0 

and  y^  e  I 

such 

that 

*  r* 

K  y,  +  r  U, 

e  H  and 

(5.29) 


f  r*0  +  IV  u(s,T-t,Ax0,-K*yrr*u1)  -  -  u,  , 

t  Kxo  +  IT  y<8»T-t'4x0'~K*yrr*ui>  “  yi  ■ 


*  *  * 

If  these  equations  hold  then  A  P(t)x^  +  K  Kx^  +  T  e  H  and  F(t)xQ  «  Fxq, 

K( t) Xq  a  Kxq. 

(11)  For  every  xQ  e  H  the  adjoint  state  z(')  =  zl'iXg)  e  CtO.TjH)  0  W1 ’ 2 [0 ,T;Z*) 

2 

and  the  optimal  control  u( • )  =  u(*jXg)  e  L  [0,T;U]  and  the  optimal  output  y ( •  )  * 
y  (  *  » Xq )  e  L2[0,T;Y]  satisfy  the  equation 
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(5.30) 


z(t)  +  T  u(t)  »  -  A  z(t)  -  K*y(t),  z(  t )  -  0 

If  moreover  xQ  e  W(0),  then  z(*)  e  C1 ( 0,TiH)  and  x(»)  «  x(*>Xg)  e  C!0,T;Z)  D  C 
satisfies  the  equation 

(5.31)  x(t)  -  Ax(t),  Tx(t)  «  u(t),  y(t)  “  Kx(t),  x(0)  *  Xg 

(111)  The  following  equation  holds  for  all  t  e  [0,T]  and  all  x,z  e  W(t) 
<z,p(t)x>  -  /*  <K«(T,t)z,K«(T,t)x>ydT 


(5.32) 


+  <r»(T,t)z,r*(T,t)x>lJdT  . 


PROOF:  Statement  (1)  follows  from  (5.9)  together  with  the  fact  that  A  z1  +  C  y1  e  H  and 
B*(UI-A  ^'(ms^-A  e^-C  y^)  +  T^y1  -  -  ui  is  equivalent  to  A  z 1  +  K  y 1  +  T  u1  e  H  (Lemma 
2.2).  The  remaining  assertions  of  the  Corollary  follow  directly  from  Theorem  5.5.  □ 


COROLLARY  5.9  (strictly  unbounded  output  operator) 

Suppose  that  the  SCS  (5.2)  is  well  posed,  that  C  has  a  dense  range  and  is  strictly 
unbounded  with  respect  to  H  and  that  the  operators  4,  0,  G  are  related  to  the  SCS  (5.2) 
as  in  section  2. 3.  Then  the  following  statements  hold . 

(1)  W-  {<x0.z0>  e  «  X  X*  |  Ax0  -  GG*zq  -  nn*zQ  e  H}  and  F(x0,z0)  »  (-G%0,n*Zg) 
for  (xq,Zq)  e  ft).  The  space  W(t)  consists  of  all  xQ  e  H  for  which  there  exist  uQ  e  U 
and  y0  e  Y  such  that  AxQ  +  GuQ  -  (tyg  e  H  and 


(5.33) 


U0  +  ir  u<8>T-t,4x0+Gug-ny0,C)ds  =  0  , 
y g  +  / Q_t  y(s)T-t,Ax0+GUg-ny0,0)ds  =  0  . 
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J  --  '  ^  * 


■J  ■wi„,;.a.-«a  a.i 


1 

J 


1 


1 


i 


If  these  equations  hold  then  P(t)x0  e  X  and  F(t)Xg  -  -G  P(t)xQ  =  uQ  and  K(t)xQ  - 
B*P(t)x0  «  y 0 • 

(1^2  For  every  xQ  e  H  the  optimal  state  trajectory  x(*)  -  x(‘iXg)  e 
C  [0,T;H]  n  w1'2[0,TiX]  and  the  optimal  control  u(  •  )  “UtMXg)  eL2[0,T,-U]  and  the 
optimal  output  y( • )  -  yt^iXg)  e  L2[0,T;Y]  satisfy  the  equation 

(5-34)  x(t)  +  fly(t)  “  Ax(t)  +  Gu(t),  x(0)  “  x0 

If  moreover  Xg  e  W(0)  then  x(*)  eC’lO,T|H]  and  z(*)  =  z(*;xQ)  e  C[0,TjX*]  fl  c'lO.TiH] 
satisfies  the  equation 


(5.35) 


z(t)  «  -  A*z(t),  fl*z(t)  -  y(t) ,  u(t)  “  -  G*z(  t ) ,  z(T)  »  0  . 


( lii)  The  following  equation  holds  for  all  t  e  [0,T]  and  all  x,z  @  W(t) 


(5.36) 


<z,P(t)z>  -  <Sl*P(T)*(T,t)z,fl*P(T)*(T,t)x>Ydx 
+  J*  <G*P(T)«(t,t)z,  G*P(T)«(T,t)x>0dT  . 


PROOF:  Lemma  2.12  and  Theorem  5.5.  O 

The  linear  quadratic  control  problem  (L£CP)  for  infinite  dimensional  systems  with 
unbounded  control  and  observation  has  previously  been  studied  e.g.  by  LUKES-RUSSELL  [30], 
RUSSELL  [37],  LIONS  [28],  BALAKRISHNAN  [2],  LASIECKA-TRIGGIANI  [25],  [27],  FLANDOLI  [13], 
SORINE  [42],  [43]  for  various  classes  of  partial  differential  equations  (PDE)  and  by 
ICHIKAWA  (20),  DATKO  [9],  DELFOUR  (10],  ITO-TARN  [21],  PRITCHARD-SALAMON  [34],  KARRAKCHOU 
[22],  for  retarded  and  neutral  functional  differential  equations  (FDE).  A  general  semi¬ 
group  theoretic  framework  for  the  LQCP  which  allows  for  unbounded  input  and  output 


operators  and  applies  to  large  classes  of  PDEs  and  FDEs  has  been  presented  in  [34] . 


However  the  "degree  of  unboundedness"  in  the  input  and  output  operators  which  can  be 
allowed  in  (34],  is  not  general  enough  to  cover  all  cases  of  interest.  In  the  theory 
developed  in  this  section  there  are  no  requirements  on  the  operators  A,  B,  C,  Ty  other 
than  wellposedness.  In  this  sense  our  approach  includes  all  previous  results  on  the  LQCP 
for  wellposed  control  systems.  However,  more  specific  conclusions  and  results  are 
certainly  possible  under  more  restrictive  assumptions.  In  the  case  of  analytic  semigroups 
for  example  we  refer  to  FLANDOLI  [13],  SORINE  [42],  [43],  LASIECKA-TRIGGIANI  [25],  PaPRATO 
[8]  and  for  the  LQCP  on  the  infinite  time  interval  under  stronger  hypotheses  to  PRITCHARD- 
SALAMON  [34] .  Moreover,  we  mention  the  recent  paper  by  FLANDOLI  [14]  which  contains  a  very 
nice  approach  to  the  LQCP  for  non  well  posed  Cauchy  problems. 
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6.  FUNCTIONAL  DIFFERENTIAL  EQUATIONS 

The  aim  of  this  section  is  to  show  how  a  very  general  class  of  neutral  functional 
differential  equations  (NFDE)  fits  into  the  framework  of  section  2  so  that  the  results  of 
sections  4  and  5  can  be  applied.  Consider  the  NFDE 


(6.1) 


(  d/dt  (x(t)-Mxt-Gufc )  »  Lxt  +  Bu^  , 
l.  y(t)  -  cxt  +  Dut  , 


where  u(t)  e  x(t)  e  *f*,  y(t)  e  S P  and  xt  is  defined  by  xt<i)  «  x(t+T)  for 

-h  <  t  <  0  where  0  <  h  <  «•.  Correspondingly  L,  M,  B,  G,  C,  D  are  bounded,  linear 
functionals  on  the  appropriate  spaces  of  continuous  functions.  They  can  be  represented  in 
the  form 


L<p  -  /q  dn(  T  )<P(-T)  ,  Mip  «  du(T)<p(-T),  op  -  /q  dx(T)<p(-T)  , 

b5  -  j£  d6(T)5(-x),  GC  -  /q  dY(T)C(-T),  D5  -  d6(x)5(-T)  , 

for  <p  e  C[-h  ,0  j  bP]  ,  5  e  C[-h,0;tf"]  where  n,  u,  8,  y ,  x ,  6  are  normalized  matrix 
functions  of  bounded  variation,  that  is  they  are  constant  for  T  >  h,  right  continuous 
for  0  <  T  <  h  and  vanish  for  T  <  0.  Note  that  the  expression  Lxt  «  dn  •  x(t)  makes 
sense  as  an  L2-function  of  t  if  x(*)  e  L2  [  -h ,  T  i  R?1  ] .  In  order  to  guarantee  the  existence 
and  uniqueness  for  the  solutions  of  (6.1)  we  will  always  assume  that 

(6.2)  U (0 )  =  lim  u(T)  . 

T  tO 

Given  any  control  input  u(«)  e  L2  [-h  ,T  j  H?1]  a  function  x(»)  e  L2(-h,T;RP]  is  said  to  be 


a  solution  of  (6.1)  if  the  function 


(6.3) 


q(t)  “  x(t)  -  Mxfc  -  Gut<  0  <  t  <  T 


is  in  W 1 '  ‘ [0 ,Tj  Rr )  and  satisfies  q(t)  =  Lxt  +  But  for  almost  every  t  e  [0,T].  Under 
the  condition  (6.2)  it  has  been  shown  in  [41,  [401  that  system  (6.1),  (6.3)  admits  a  unique 
solution  pair  x(*)  e  L2[-h,T)Rnl,  q(  •  )  e  W1,2[0,T>Hn]  for  every  input  u(  • )  e  L2[0,T;rfn) 
and  every  initial  condition  of  the  form 

(6.4)  q(  0 )  »  <p°,  x  ( T )  -  ip1  <  T  ) ,  u(T)  *  V2(T),  -h  <  T  <  0  , 


where 


<P  -  «P%V>  e  H  -  Rn  X  L2[-h,0|BP]  X  L2[-h,0!RmJ  . 

In  this  section  we  will  be  concerned  with  the  problem  of  finding  an  abstract  evolution 
equation  which  equivalently  describes  the  solutions  of  (6.1).  Such  an  evolution  equation 
has  been  derived  for  neutral  systems  with  state  delays  only  (G  »  0,  But  «  B0u(t),  C  »  0, 

D  -  0)  by  BURNS-HRRDMAN-STECH  [4].  For  retarded  systems  with  input  delays  (M  «  0,  G  «  0, 

C  -  0,  D  -  0)  we  refer  to  ICHIKAWA  [20],  VINTER- KWONG  [44],  DELFOUR  [10],  and  for  neutral 
systems  with  delays  either  in  control  or  observation  to  SALAMON  [40].  Retarded  systems 
with  simultaneous  delays  in  control  and  observation  <M  •  0,  G  m  0,  D  *  0)  have  been  for 
the  first  time  successfully  treated  in  PRITCHARD-SALAMON  [34].  That  approach,  however,  is 
not  applicable  if  D  ^  0  the  problem  being  "too  much  unboundedneBs”  in  the  input  and 
output  operators.  A  state  space  approach  for  this  class  of  systems  (M  =  0,  G  =  0)  has 
been  developed  recently  by  DELFOUR-KARRAXCHOU  [111  using  the  forcing  function  state  concept 
which  is  due  to  HILLER  [31].  We  use  a  different  approach  to  derive  an  evolution  equation 
representation  for  general  system  of  the  form  (6.1). 

In  order  to  reformulate  system  (6.1)  in  the  framework  of  section  2.2  we  define 
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Z  -  {<P  e  H|<p’  e  W1'2[-h,0;Rn],  <p2  e  w1'2  [-h,0jRm]  ,  <P°  =  tp1  ( 0  )  -  Mtp'  -  op2} 
U  =  if",  Y  -  rP  . 


A<p  =  (iV-Bip2  .ip1 , <4>2 ) ,  Tip  *  <p2(0),  K<p  =  op1  +  EKp2 


THEOREM  6. 1 

Let  the  spaces  Z  C  H  and  the  operators  A  e  L( Z,H),  T  e  1(2, U),  K  e  1(Z,Y)  be 
defined  as  above  and  let  ip  e  Z,  u(')  e  W1'2[0,T;rP]  satisfy  <p2(0)  =  u(0).  Furthermore, 
let  x(*)  e  L2[-h,T;Rn],  q(  • )  e  W1 ' 2  [0 ,  TfR0]  ,  y(  •  )  e  L^IO.TirP]  be  given  and  define 


(6.5) 


x(t)  *  (q(t),xt,ut)  e  H  , 


for  0  <  t  <  T.  Then  x(t),  q(t),  y(t) 
X(*  )  e  C  [0,T>Z]  (1  c'lO.TjH]  satisfies 


satisfy  (6.1),  (6.3),  (6.4)  if  and  only  if 


(6.6) 


d/dt  x(t)  »  Ax(  t) ,  x(0 )  -  <p  , 

<  Tx(t)  =  u(t),  0  <  t  <  T  , 

y(t)  «  Kx ( t)  . 

V 


PROOF:  If  x ( t ) ,  w(t),  y(t)  satisfy  (6.1),  (6.3),  (6.4),  then  x(-)  e  W1 ' 2  [-h ,T: R11]  (see 

[40,  Theorem  1.2.3))  and  moreover  u(*)  e  W1 '2  [-h^jHf1]  .  Now  it  follows  from  the  shift 
property  of  the  term  (6.5)  that  x ( * )  e  C[0,T;Z]  D  c’lO.TjH)  and  standard  arguments  in  the 
theory  of  FDEs  (e.g.  BERNIER-MANITIUS  [3],  SALAMON  [40,  Theorem  1.2.6])  show  that 
d/dt  x(t)  =  Ax(t).  The  equations  u(t)  «  Tx,  y(t)  »  Kx(t)  are  obviously  satisfied. 
Therefore  x(t)  satisfies  (6.6).  The  converse  implication  follows  from  the  fact  that  the 
restriction  of  A  to  her  T  is  the  infinitesimal  generator  of  a  strongly  continuous  semi- 

□ 


group  (40,  Theorem  1.2.6]  and  therefore  the  solutions  of  (6.6)  are  unique. 


Combining  Theorem  6. 1  with  the  existence,  uniqueness  and  continuous  dependence  results 
for  the  solutions  of  (6.1)  (see  e.g.  [40,  Theorem  1.2.3])  we  obtain  that  the  BCS  (6.6)  is 
wellposed. 

In  order  to  derive  a  satisfactory  solution  of  the  linear  quadratic  control  problem  we 
have  to  clarify  the  relation  between  the  dual  system  of  (6.6)  and  the  transposed  system  of 
(6.1).  Following  [31],  [10],  [34],  [40],  [41]  we  write  the  transposed  NFDE  in  the  form 

z(t)  -  -  dnT(T)z(t+T)  -  /£"e  dliT(T)i(t+T)  -  /J"fc  dKT(r)v(t+T)  -  t’ft-T)  , 

(6.7)<  w(t)  “  /g_t  d0T(T)z(t+T)  +  dYT(T)i(t+T)  +  /*_t  d6T(T)V(t+T>  +  <|i2(t-T)  , 

z  (T)  -  1 1>0  ,  t  <  T  , 

V 

0  12 

where  41  “  (^  ,'t'  )  e  H.  The  obvious  existence,  uniqueness  and  continuous  dependence 

results  hold  for  the  solutions  of  (6.7)  [40,  Theorem  1.2.3],  The  state  of  (6.7)  at  time 
t  >  0  is  the  triple  z(t)  -  (z(t),zt,wt)  e  H  where  zfc  e  L2  [-h,0 1 H*1]  and 
wc  e  I^t-h.O/B®]  are  given  by 


(6.8) 


f  Zt(s)  -  j^t‘8dnT(T)z(t+8+T)  +  /3^t-BdyT(  T)i(t+S+T>  +  /^t_SdK,r(T)v(t+S+T  )  +  t’tt+B-T) 

|  wfc(s)  -  /T"t*8deT(T)z(t+s+T)  +  /T"t"8dYT(T)z(t+e+T)  +  /T_t"8d6T(T)v(t+S+T)  +  i2 (t+S+T) 

V  J  -8  -  a  “8 


for  -h  <  s  4  0 .  with  this  definition  it  follows  from  standard  arguments  in  the  theory  of 
FDEs  that  the  state  x(t)  e  H  of  the  NFDE  (6.1)  and  the  state  z(t)  e  H  of  the  NFDE  (6.7) 
always  satisfy  equation  (3.4)  (see  e.g.  [41],  [40,  Theorem  2.3.5]  or  [34,  Proposition 
2.4]).  Using  this  fact  together  with  Corollary  3.4  we  obtain  the  following  result  as  an 
immediate  consequence. 
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)REM  6.2 


Let  ♦  e  H,  v(*|  e  L2[0,T(Rp],  z<  •  )  e  w’^IO.T.-r"]  ,  w  ( • )  e  L2[0,T!Hb)  be  given  and 
z(t)  =  (z(t),z^,wt)  e  H  be  defined  by  (6.8).  Then  z(t)  and  w(t)  satisfy  (6.7) 
almost  every  t  e  [  0 ,  T]  if  and  only  if  z(  •  )  e  C[0,T;H]  fl  W1,2[0,T;Z*]  is  the  unique 
itlon  of  the  abstract  POP 

)  d/dt  z(t)  -  T  w(t)  =>  -  A  z(t)  -  K  v(t),  t  <  T,  z(T)  * 

We  can  now  transform  the  BCS  (6.6)  and  the  POP  (6.9)  into  their  corresponding  semi- 
p  control  system  as  in  section  2  and  then  apply  Theorem  5.1.  Alternatively,  we  can  use 
llary  5.8  directly  to  obtain  that  the  optimal  control  u(*)  =  u(*j <p)  e  L2[0,T;tfn] 
h  minimizes  the  cost  functional  (5.1)  subject  to  (6.1),  (6.3),  (6.4)  is  characterized 
he  transposed  equation  (6.7)  with  t  =  0,  w(t)  =  u(t),  v(t)  =  y(t)  (compare  KARRAKCHOU 
). 
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7.  PARTIAL  DIFFERENTIAL  EQUATIONS 

The  aim  of  this  section  is  to  clarify  the  relation  between  the  framework  in  section  2 
and  the  one  developed  by  LIONS  [28]  and  LIONS-MAGENES  [29]  in  their  classical  work. 

Although  some  of  the  material  in  this  section  is  known,  at  some  places  things  are  presented 
in  a  slightly  different  way  than  usual.  Therefore,  we  feel  that  a  somewhat  more  elaborate 
discussion  is  appropriate. 

The  semigroup  theoretic  reformulation  of  boundary  control  systems  is  of  course  not 

new.  Earlier  work  in  this  direction  has  been  done  for  example  by  BALAKRISHNAN  [2] , 

WASHBURN  [45],  CURTAIN-PRITCHARD  [6],  LASIECKA-TRIGGIANI  [24].  One  of  the  important 
insights  in  [2],  [45],  is  that  the  input  operator  is  given,  roughly  speaking,  by  composing 
the  infinitesimal  generator  with  the  solution  operator  of  an  elliptic  problem.  We  find  it 

convenient  to  take  a  slightly  different  route  and  introduce  the  input  operator  directly  on 

the  basis  of  a  classical  duality  result  (Theorem  7.1  below). 

In  order  to  avoid  confusion  we  point  out  that  throughout  this  section  we  denote  by 
V  the  space  introduced  by  Lions  and  by  SI  an  open  domain  in  tP-  Furthermore,  whenever 
the  letter  A  appears  in  this  section  it  will  denote  the  operator  of  section  2.2  and  not 
the  Laplacian. 

7 . 1  PARABOLIC  SYSTEMS 

Consider  the  parabolic  PDE  with  Dirichlet  boundary  control  described  by  the  equations 

(  I 

(x,t)  +  )  ( - 1 )  P  DP  ( a  D°z)(x,t)  =  0,  X  e  S),  t  >  0  , 

3t  1 P I , 1° | PC 

(7.1) 

D^z( x, t )  »  u j  ( x , t ) ,  x  €  3S),  t  >  0,  j  ■  0,1,...,m-1  , 


on  a  bounded,  open  domain  S)  <_  fp  whose  boundary  3fl  is  a  compact  orientable 
0*  00  — 

C  -  manifold.  We  assume  that  the  coefficients  a^fx)  are  *n  C  (£))  and  satisfy  the 
uniform  ellipticity  condition 
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p  .  0  <m 


ap0(x)CP^  >  cU|2,  x  e  8,  5  fi  Rn  , 


some  constant  c  >  0.  The  functions  Uj(x,t)  are  understood  as  the  control  inputs  and 
i  the  aim  of  this  section  to  show  how  system  (7.1)  fits  into  the  framework  of  section  2. 
Following  LIONS  [28]  and  LIONS-MAGENES  [29]  we  first  introduce  the  spaces  V  =  H™(ft), 
i-2(ft),  V*  ■  H  m(ft)  so  that 


V  C  H  C  V 


continuous,  dense  injections  and  we  define  the  bilinear  form  a ( *  , * )  on  H  (ft)  by 


■a  C  ,<P) 


p  ,  a  <m 


L  a  (x)DPi(i(x)D  <p(x)dx 

si  po 


e  Furthermore,  we  introduce  the  differential  operators  L  and  L*  from 

3)  into  L2(fl)  by 


I  <-1)|p|DP(a  D°<f) 

,  Jo | <m  P° 

)  (-1 ) f ° lD°(a  D 

,  |o  |<m 


<p,i|/  e  H  (ft).  Then  the  following  basic  duality  result  plays  a  centrol  role  in  this 
ion.  For  the  proof  we  refer  to  FOLLAND  [15,  p.  288]  in  connection  with  the  trace 


( i )  There  exist  differential  operators  B ^  of  order  2m- 1 - j  for  j  =  0 , . . . , m- 1 , 
ned  in  a  neighborhood  of  3ft,  such  that  the  following  equation  holds  for  41  6  Hm(ft), 
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le  wellposedness  for  general  systems  of  the  form  (7.12)  seems  to  be  an  open 

it.  In  fact,  a  spectral  analysis  of  the  case  m  =  2  in  a  single  space  dimension 

* 

tes  that  the  well  posedness  in  the  space  H  =  H  x  V  cannot  be  expected  unless 
=  0  for  j  <  m-1.  However,  in  the  case  m  =  1  with  L  the  Laplacian  and  Dirichlet 
ry  control,  that  is 


Lip 


1 


n  3  if 


B  ip 


v  * 


,ip  e  H2  (S3) , 


the  following  nice  result  has  been  established  by  LASIECKA-TRIGGIANI 


H  7.9  [26] 

f_  m  -  1  and  L  e  L<H2  (S3)  ,L2  (S3 )  ) ,  B*  e  L  (H2  ( S3)  ,L2  ( SQ )  )  are  given  by  (7.26)  then  the 
.15)  satisfies  hypothesis  ( S2 )  of  section  2.1. 

e  conclude  that  the  SCS  (7.15)  is  in  fact  well  posed  if  (7.26)  holds  and  c  e  L(V*,V) 
t  the  above  results  can  be  applied  in  this  situation.  If  C  ft  Hv*  ,V)  then  the 
operator  C  5  i.(W,y)  is  unbounded  with  respect  to  the  state  space  H  -  H  x  v  .  it 
to  be  a  reasonable  conjecture  that  the  SCS  (7.15)  is  still  wellposed  for  a  certain 
of  unbounded  output  operators. 

B  also  mention  the  paper  by  GRAHAM-RUSSELL  [18]  which  is  concerned  with  regularity 
ties  of  the  wave  equation  under  Neumann  boundary  control. 

inally,  we  point  out  that  analogous  results  on  the  linear  quadratic  control  problem 
Ben  derived  by  LASIECKA-TRIGGIANI  [27]  for  system  (7.12)  with  the  cost  functional 

J(u)  =  Jg  [/n  z(x,t)2dx  +  /3n  u(x,  t)  2ds(x )  ]dt 
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T 


T 


+  ]q  t  u(s;T-t,  (4)1 , Alp0 )  ,(0,-C*y  )  )ds  =  0  , 

+  Jg_t  y(  s;T-t) ,  (tp1  ,A<p°  ) ,  ( 0,-C*y1 )  )ds  =  yi  . 

Then  we  obtain  the  following  result  as  a  consequence  of  Theorems  5.2,  5.3  and  Corollary 
5.8. 


COROLLARY  7.8 

Suppose  that  the  SCS  (7.15)  is  well  posed.  Then  the  following  statements  hold. 

( 1 )  For  every  fed  there  exists  a  unique  optimal  control  u(*>ip)  e  L2[0,Tjll] 
which  minimizes  the  cost  functional  (7.22)  subject  to  (7.14).  This  optimal  control  is 
characterized  by  (7.20)  with  ^  ”  0.  The  optimal  output  of  (7.14)  is  denoted  by  y(t>(p) 
and  the  corresponding  solutions  z(t;<p)  and  of_  (7.14)  and  (7.20),  respectively, 

satisfy 

(7.24)  (-w(t;<P)-C  y(ti<P)  ,w(ti<p) )  -  It( t)  ( Z( t HP) , z( t (ip)  ) 


for  0  <  t  <  T.  The  optimal  cost  is  given  by 


(7.25) 


j(u<*;*p))  «  «p,n<oxp>  *  . 

H.H 


(  ii)  t  e  W(0)  if  and  only  if  u(*><P)  e  W1,2(0,T;U],  y  ( *  HP )  e  W1'2[0,T»y], 
!CfH  e  C(0,T;Z)  0  C1  [ 0,T; H]  fl  C2!0,T;V*],  w(*;<P)  e  CI0,T»W)  0  c’lO.TjV). 

It  t  e  UK  0  >  then  (  z(  t  if) ,  z(  t  ;<p) )  e  W(t)  for  0  <  t  <  T  and 


(7.26) 


u(tf<P)  »  Tzltitp)  »  -B  w(t/ip) 

-  -B*[n(t)(z(t|<P),i(t;ip))l  1  . 
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d/dt  (w(  t )  +C*y(  t ) )  -  A*w(t)  ,  t  <  T 


u(t)  =  -  B*w(t),  w(  0 )  =♦'  ev,  w(0)  +  C *y (0  )  =  -  i|i°  e  H 


irecisely,  if  wC)  e  CCO.TsV]  fl  w’^CO.T.-H]  with  w(-)  +  C*y(‘)  e  [0,T;H]  fl  C’[0,T;V*1 
:ies  (7.20)  then  «(■)  =  ( -w(  •  )-C*y  ( •  )  ,w(  •  ) )  e  C[0,TiH*l  fl  W1 ' 2  [0  ,T,-  W*]  is  the  unique 

ion  of  (7.19)  and  vice  versa.  The  output  of  (7.20)  is  only  well  defined  in  a  strong 

•  *  1 

if  w(  • )  e  [0,T;W]  or,  equivalently,  w(*)  +  C  y  ( - )  e  C  [0,T,-H].  This  will  always 
s  case  if  the  system  is  wellposed  and  y( • )  e  W^'2(0,T)y],  w(0)  e  W,  w(0)  e  V. 

In  the  special  situation  of  (7.12)  the  dual  system  corresponds  to  the  hyperbolic  PDE 


(-1^  +  C*y) ( x, t )  +  )  (-1 

3t  3t  |p|,fo|<m 


-1 ) |0 'D°(a  DPw) (x,t)  =  0,  x  e  n,  t  <  T 


pa 


u^(x,t)  “  -  B^w(x,t),  x  e  3S1,  t  <  T,  j  =  0,...,m-1 


tet  us  now  consider  the  problem  of  minimizing  the  cost  functional 


J(u)  -  [  !y(  t )  I  3  +  lu(t)|2]dt 


ct  to  the  SCS  (7.15),  respectively  (7.14).  In  order  to  apply  the  results  of  section  5 
is  problem  we  assume  that  the  SCS  (7.15)  is  well  posed  and  introduce  the  operator 

n<t)  -  C*(T-t)  [i+T(T-t)T*(T-t)]_1C(T-t)  e  L(H,H*> 


0  <  t  <  T.  Also,  for  all  *  6  B,  ♦  S  H  we  denote  by  z(  •  ;T,ip,i(i)  e  C[0,TjH)  fl 

T;V*)  n  W2,2[0,T;W*1  ,  u(*;T,<P,l|>>  eL2[0,T»(J],  y(  •  ;T,<p,ip)  e  L2[0,T*y]  and 

,ip,f)  e  C(0,T(V)  nw1,2[0,T)H)  with  Cz (  •  ; T , (p , if )  e  W1,2(0,T;y]  and 

,(P,||;)  +  C*y(  *  »T, <(>,♦)  e  C[0,T»H]  n  C^O.TjV*)  the  unique  solutions  of  the  coupled 

ions  (7.14),  (7.20).  Finally  we  introduce  for  0  <  t  <  T  the  space  W(t)  of  all 


H  for  which  there  exists  a  y<  ®  y  with  C  y1  e  V  and 


under  Sp(t).  Moreover,  if  (p  e  Wg,  then  Ag,<P  ”  (if 1 , Aip°+BC4'1 )  ”  < «p 1 , A<p 0 )  and 
IFC)<P)  e  CIO.TIZ]  n  c1  [0,T»H]  n  C2(0,T(V*1,  uf(  -  »4>)  e  W^tO.TiU)  with 
2_(t(ip)  “  s_(tiA..<P)>  u  tt»«p)  ■  u  ( t J A  <p),  u  (t;<P)  =  Tz  tt;ip)  “  Cz’(tj<p>. 

*  r  r  f  f  f  f  F  F 

(iv)  If  either  U  is  finite  dimensional  or  C  e  L (V*,y>,  then  D(AF)  “  WF> 

We  consider  the  dual  system  of  the  SCS  (7.15)  in  the  dual  spaces  l/*  *  V  *  w, 

*  *  * 

H  “  H  *  V,  U  «  V  x  h.  We  identify  only  the  spaces  U  and  /  with  their  respective 
dual  so  that  the  operators  A*  e  L(V*,H*)  fi  L(H*,W*),  C*  e  HVJl!*),  8*  e  L(t/*,U)r  T  @  L  (/ XI  ) 
are  given  by 


Observe  that  the  range  of  (Ul-A  )  1  is  always  contained  in  H  x  w,  that  8*  “  [0  B*] 

* 

extends  naturally  to  a  bounded  operator  on  this  space  and  that  is  given  by  the 

composition  of  these  operators.  Now  the  dual  SCS  in  the  time  reverse  form  is  described  by 


the  equations 


(7.19) 


d/dt  w(t)  -  -  A  w(t)  -  C  y(t)  ,  w(T)  «  i(i  e  H  , 


u(t)  -  -  B  (ul-A  ) (uw(t)-d/dt  w(t))  -  T^yft)  ,  t  <  T 


The  equation  for  the  output  requires  that  w( • )  «  (wQ ( • ) ,w^ ( • ) )  e  W1,2fO,T iH*]  which 
implies  that  A  w^l’)  «  wQ(")  e  L2(0,T;H]  and  hence  w^t*)  6  L2[0,T>Wj.  Furthermore,  the 
output  of  (7.19)  can  be  written  in  the  simpler  form  u(t)  =  -  8*w(t)  if  8*  is  understood 
as  the  extended  opeator  on  H  *  W.  Note  that  the  SCS  (7.19)  is  related  to  the  second  order 


Cauchy  problem 


d/dt  z(t)  -  ^  Jj  z(t>,  z(0)  *  (p  e  , 

i  » 

.17)  \  [r  0 ]z( t )  -  utt)  , 

^  y(t)  =  [0  c]z(t),  t  >  0  , 

in  section  2.2.  This  means  that  z( • )  e  C1  [0,T; H]  satisfies  (7.15)  if  and  only  if 
•)  e  C10,T)Z]  and  (7.17)  holds. 

We  point  out  that  everything  remains  the  same  if  U  is  an  arbitrary  Hilbert  space  and 
e  L( U, W*)  is  injective  and  strictly  unbounded  with  respect  to  V*  which  we  will  assume 
om  now  on.  In  that  context  it  is  interesting  to  state  explicitly  the  consequences  of  the 
rturbation  result  in  section  4.  For  this  purpose  we  denote  by  8(T)  e  L(L2 [0,T)U] i H) , 

T)  e  l<  H,L2[0,Tj  V]  )  and  T(T)  e  L(L2 [0,T;(j] ,  LZ[0,T,H)  for  T  >  0  the  operators 
troduced  in  section  2.1. 


iROLLARY  7.7 

Suppose  that  the  SCS  (7.15)  is  well  posed,  that  V  *  U  and  that  I  -  T(t)  is 
vertible  for  t  >  0.  Then  the  following  statements  hold. 

(1)  The  operators  SF(t)  »  Si t)  +  8(t)  [I— T(t)]  —  e  LiH )  define  a  strongly 


ntinuous  semigroup  whose  infinitesimal  generator  will  be  denoted  b 


and  vice  versa.  The  equation  for  the  output,  of  course,  requires  that  z(t)  e  W^'2[0,T;h). 
rt  can  be  written  in  the  simple  form  y(t)  =  Cz(t)  if  C  is  understood  as  the  extended 
operator  on  H  *  H.  However,  for  some  purposes  it  is  convenient  to  keep  (7.15)  in  its  more 
complicated  form.  In  particular,  the  duality  relations  can  be  derived  in  a  straighforward 
way  and  the  results  of  sections  4  and  5  can  be  applied  directly. 

O 

It  requires  only  the  Garding  inequality  (7.4)  to  establish  the  hypotheses  (SO)  and 

(SI)  of  section  2.1  for  the  SCS  (7.15).  In  fact,  it  follows  from  the  Hille-Yoshida- 

Phillips  theorem  that  A  is  the  infinitesimal  generator  of  a  strongly  continuous  group 

S(t)  e  L(W)  D  L(H)  n  (.((/).  This  proves  the  uniqueness  for  the  weak  solutions  of  (7.12)  and 

0  1  12  2 

their  existence  if  C  *  (if  ,♦  )  e  ((  and  u^(*)  e  W  '  [0,T;L  (30)].  We  denote  the  weak 
solution  of  (7.12),  respectively  (7.14),  always  by  z(t)<P,u)  and  it  is  given  by  the  first 
component  of 

z(t;<p,u)  -  S( t)(P  +  /£  S(t-s)Bu(s)ds  e  H  . 

If  z(*>«J),u)  e  c'tO.TjH)  then  the  corresponding  output  of  (7.12),  respectively  (7.14)  or 

(7.15) ,  will  be  denoted  by  y(tj<p,u).  If  the  SCS  (7.15)  is  well  poBed  then  the  same 
notation  extends  to  arbitrary  u(*)  e  L2[0,Ti(J].  In  this  case  it  follows  from  the  usual 
density  and  continuous  dependence  arguments  that  the  equation 

(7.16)  Cz(t  f<0,u)  -  c<p°  +  J*  y(  s (ip.u)ds 

holds  for  all  if  6  d,  uC)  e  L2[0,TiUl.  t  >  0. 

Now  let  z  C  H,  &  e  l(Z,v‘),  I\  e  L(Z,U)  be  given  as  in  section  7.1  and  define 
r  e  L(Z,U)  by  r<4)  =  ( ro4> , . . .  ,r  ^)  for  4>  e  Z.  Then  we  get 

Z  *  If  e  H  |A<p  e  H  +  range  B)  «  Z  *  H 

and  the  SCS  (7.15)  is  related  to  the  BCS 
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(7.14/2)  z(  0 )  -  <pv  e  H,  z(0 )  -  <p  e  V 

where  u(t)  e  U  -  Un  and  B  e  L(U, W*)  is  defined  as  in  Remark  7.5  (ii).  if 
z ( * )  e  C1[0,T/H]  then  the  output  of  the  system  is  given  by 

(7.14,3)  y(t)  -  d/dt  Cz(t),  t  >  0  . 

In  order  to  rewrite  system  (7.14)  into  a  first  order  SCS  as  in  section  2.1  we  introduce 
the  spaces  <*l  «  V  *  H,  H  =*  H  *  v*,  V  -  V*  x  W*  so  that 

W  C  H  C  V 


with  continuous,  dense  injections.  Since  the  bilinear  form  a(»,*)  need  not  be  positive,  we 

consider  on  each  of  these  spaces  the  standard  inner  product  and  identify  none  of  them 

with  its  respective  dual,  we  also  introduce  the  operators  C  e  L(W,/),  A  e  L(U,H)  n  L(H,  l/), 

8  e  L(U.l/),  Tp  1  UU.V)  by 


c  -  [o  cj  ,  rM  -  wcu^i-a)'^  . 

Observe  that  the  range  of  (Ul-A)  ' 8  is  always  contained  in  H  x  H,  that  C  =  (0  Cj 
extends  naturally  to  a  bounded  operator  on  this  space  and  that  is  given  by  the 

composition  of  these  operators.  Now  for  every  weak  solution  z(t)  of  (7.12)  the  function 
z(’)  *  (z(*),z(*))  e  C[0,T tH]  0  W1'2 [0,T/V]  satisfies  the  abstract  SCS 


r  d/dt  z ( t )  =  Az( t)  +  8u(t),  t  >  0,  z(0 >  -  if  e  H  , 
l  y(t)  =  C  (uI-A)  Nuzttl-d/dt  z(t))  +  T  u(t)  , 


(7.15) 


7 . 2  HYPERBOLIC  SYSTEMS 

Consider  the  hyperbolic  POE  with  Dirichlet  boundary  control  described  by  the  equations 

(X/t)  +  y  (-1)  ^DP(a  D°z)(x,t)  -  0,  x  e  n,  t  >  0  , 

at2  |p| ,  |o|<m  pa 

(7.12)  \  D3z(x,t)  »  u^(x,t),  x  e  30,  t  >  0,  j  »  , 

y(t)  -  C  (*,t),  t  >  0  , 

where  0  C  if1  and  ap[J(x)  have  the  same  properties  as  in  the  previous  section  and  C  Is  a 

2 

bounded  linear  operator  from  H  *  L  (ft)  into  the  Hilbert  space  Ye  Also  the  spaces 
U  -  L2(fl),  w  -  H2®(«)  n  H^(fl),  v  -  H®(fl),  the  bilinear  form  a(*,*)  on  Hm(« )  and  the 
operators  L,L*  e  L(H2n,(0)  ,L2(fl)) ,  Bj  e  L(0/W*),  A  e  i(W,H)  0  i(V,V *)  D  i(H,W*)  are  defined 
as  in  section  7.1.  Then  it  follows  again  from  Theorem  7.1  that  every  classical  solution  of 

(7.12)  is  a  weak  solution  in  the  following  sense. 

DEFINITION  7.6  (weak  solution) 

Let  Uj(*)  e  L2  [0,T»L2(3fl)J  be  given.  Then  a  function  z(*)  e  C  [0,TjL2(£1)J  n 
C1 (0,TjH-m(a)]  is  said  to  be  a  weak  solution  of  (7.12)  if  <*,!(•)>  e  w2'2(0,t)  for  every 
e  H2m(n)  n  H^(S1)  and  the  following  equation  holds  for  almost  every  t  e  [0,T] 

(7.13)  d2/dt2  <i|i,z(t)>  +  <L%,z(t)>  -  y“'1<B>,u,(t)>  , 

0  3  3  L2(3«) 

This  means  that  z( • )  e  C (0,TiH]  H  C3[0,T|V*]  D  W2'2 [0,T>W*]  satisfies  the  second  order 
abstract  Cauchy  problem 

(7.14) 1)  z( t )  »  Ax(t)  +  Butt)  ,  t  >  0  , 
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Now  let  <P  e  2  be  given  and  observe  that  <P  -  ^BT^ip  = 

( u I-A ) " 1  ( iitp— A«p )  e  H^(ft).  Moreover,  choose  u”  e  C  Oft)  converging  to  IVip  in  L2(3ft). 

Then  there  exists  a  tn  6  C  (ft)  with  I\#n  -  u"  for  j  =  (FOLLAND  (15,  p. 

294]).  Hence  it  follows  from  statement  (iii)  that 

<Pn  =  <p  +  l^“1(ui-A)“1B^(u"-r^(p)  e  Hm(ft)  . 

Furthermore,  <pn  converges  to  <P  in  Z  since  I\ipn  =  u”  and  A(ipn-ip)  = 

^  U ( yI“A)  1B^  (u"-I\ip) .  Therefore  Hm(ft)  is  dense  in  2.  D 

REMARKS  7.5 

(i)  The  results  of  this  section  indicate  that  Z  is  the  natural  space  for  studying 
the  solutions  of  both  the  parabolic  PDE  (7.1)  and  the  associated  elliptic  boundary  value 
problem  (7.11).  It  follows  from  Lemma  7.4  that  Z  is  the  completion  of  C  (ft)  with  respect 
to  the  norm 


»<p»*  -  «'p2« ,  +  »kp<2  + 

L2(ft)  H  (ft)  0  V  L2(3ft) 


(ii)  Let  us  define  B  e  L(Um,W*)  by  Bu  -  ^'b^u  for  u  -  (u0 , . . .  ,um_1 )  e  if. 

Then  it  follows  from  Lemma  7.4  that  the  operator  (UI-A)  ^B  B  L(Om,Z)  is  the  extended 
solution  operator  for  the  elliptic  boundary  value  problem  (7.11).  This  relates  our  results 
to  those  by  BALAKRISHNAN  [2],  WASHBURN  [45]. 

*1  2 

(iii)  If  u  e  U®  then  it  is  easy  to  see  that  >P  “  (Ml-A)  Bu  e  L  (ft)  satisfies 

UP  +  pip  *  0  in  the  distributional  sense.  Hence  it  follows  from  the  local  regularity  theorem 

00 

for  elliptic  operators  (see  for  example  FOLLAND  [15,  p.  269))  that  V  eC^^lft).  This  shows 
that  Z  C  H™oc ( ft ) • 


In  particular,  A*P  =  ~L<P  for  ‘A  6  H2m(fl). 

(ii)  Let  Uj  e  L2(3fl)  be  given  and  suppose  that  <P  “  1  (>H-A)  'Bjuj  e  Hm(fl). 

Then 


(7.11) 


{a(i)>,<p)  +  y<ip,<p>  -  0  ,  e  h“(£1)  , 

D^tp  -  u  ,  j  -  0,1 1  . 


(iii)  If  *  e  h“<«)  then  if> 


uj  * 


D"**. 

V 


(uI-A)"^^*  e  H®(fl)  and  (7.11)  holds  with 


PROOF:  Let  <P  e  be  given  and  define  *  e  V*  by  <♦,♦>  *  -a(4>  ,«P>  for  \|>  e  H®(fl). 

2u  pi 

Then  it  follows  from  Theorem  7.1  that  the  following  equation  holds  for  e  H  (fl)  D  HQVfl) 


<*.A<P  +  . 

J  W,W 


-  <L  ^,(P>H  + 


V.V 


By  equation  (7.7)  and  Lemma  7.3,  this  implies  <p  e  Z,  M>  -  *,  •  D^<p.  Thus  we  have  proved 

that  Hm((l)  C  z  and  (7.9),  (7.10)  hold.  It  follows  from  (7.9)  and  (7.10)  that  there  exists 

a  constant  c  >  r  such  that  l«p< _  <  cl<pl  „  for  all  <P  B  Hm(£i)  and  hence  the  injection  of 

Z  Hm 

H^fl)  into  Z  is  continuous. 

This  proves  all  the  assertions  of  statement  (i)  except  from  the  density  of  H™ (S3 )  in 
Z.  State  (ii)  follows  now  immediately  from  Proposition  2.8  (i).  In  order  to  prove  statement 
(iii),  let  *  e  Hm(«)  be  given  and  define  <P  *  I®" 1  (Ul-A)  Then  it  follows  again 

from  Proposition  2.8  that  V  6  Z  and  A<p  -  V<f,  -  1^*.  Therefore  we  get  from  equation 

(7.7)  that  A ( q>— * )  =  4if  -  M  e  V*  and  hence  <P  -  *  e  H®(ft).  This  proves  statement  (iii). 
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The  previous  Lemma  allows  us  to  introduce  the  space 


Z  -  {<p  e  H|Aip  e  V*  +  range  8^} 


and  operators  A  :  Z  +  V  ,  T  :Z+u  such  that 


(7.7) 


Aip  +  1B.  r  ,<f>  =  tup  ,  if  e  z 


L0  j  i 


Then  Z  becomes  a  Hilbert  space  if  we  define 


iipi2  *  14112  +  i a tp i 2  +  }m“1ir  ipi2  . 

Z  v  H  ^  v*  L0  j  U 


Now  the  results  of  section  2.2  show  that  the  SCS  (7.5)  is  equivalent  to  the  BCS 


z(t)  ”  Az(  t )  ,  t  >  0,  z(0)  =  zQ  e  Z  , 


(7.8) 


I\z(t)  «  u^( t)  ,  j  »  0,...,m-1 


More  precisly,  the  BCS  (7.8)  is  well  posed  in  the  state  space  V  (Proposition  2.11)  and 


for  all  zn  e  Z  and  all  u.(")  e  W1,2[0fT;L2(3fl) ]  with  I"  z  “  u.:(0)  the  function 


j  0 


z(*jz0,u)  defined  by  (7.6)  is  in  C[0,TiZ]  D  C*(0,T»V*]  and  satisfies  (7.8)  (Proposition 


2.8).  Moreover,  the  definition  of  Z  shows  that  every  solution  z(»)  e  lr[0,TiH]  D 


W1,2[0,T;V"]  of  the  SCS  (7.5)  is  in  L^[0,T;Z]  and  also  satisfies  (7.7). 


LEMMA  7.4 

(i)  Hm(£3)  C  Z  with  a  continuous,  dense  injection  and 

(7.9)  <*,Aip>  =  -  ad>,<p),  <p  e  Hm(tt),  <l>  e  H™(«)  , 

(7.10)  r  ip  =  d^<p,  <p  e  Hm(n),  j  «=  o,...,m-i  . 


+  2 

and  depends  in  these  spaces  continuously  on  Zq  e  V  and  u^t*)  e  L  [0,T)U] ,  j  "  0,...,ra-1. 
This  proves  the  existence,  uniqueness  and  continuous  dependence  for  the  weak  solutions  of 
(7.1).  In  other  words,  the  SCS  (7.5)  is  well  posed  in  the  state  space  V  in  the  sense  of 
Definition  2.4,  if  the  output  is  defined  through  any  bounded  operator  on  H. 

In  order  to  transform  the  SCS  (7.5)  into  an  abstract  BCS  with  V*  as  a  state  space  we 
have  to  make  sure  that  the  input  operators  B ^  e  L(U,W*)  are  strictly  unbounded  with 
respect  to  this  space. 


LEMMA  7.3 


IT'  Bjuj  e  V*  “*  “0  *  “t - “ra-1  "  0  • 

PROOF;  Suppose  that  not  all  the  Uj  vanish  identically  and  let  k  e  {0, . . . ,a-l}  be  the 
smallest  index  with  u^t*)  ?  Choose  v(*)  e  C  (30)  such  that  <v,u)c>  »  1.  Let  v(x), 
x  e  3(1 ,  denote  the  (global,  smooth)  outward  unit  normal  vector.  Then  the  neighborhood 
ve  «  {x  +  tv(x)|x  e  30,  -e  <  t  <  c)  is  diffeomorphic  to  30  x  (-e,e)  if  e  is 
sufficiently  small.  Finally,  let  C(’)  SC  <R»  tO , 1 ] )  satisfy  C(t)  -  1  for  |t|  <  1/4 
and  C(t)  «  0  for  |t|  >  1/2.  Then  we  define  i|j  S  C  (0)  by 


2m-1-k  > 

V*+tV(l0)  >  C (t/c )  x  e  30,  -e  <  t  <  0  , 


and  ( x )  »  0  for  x  e  0\V£  (compare  FOLLAND  [15,  p.  294]).  Then  B_. 4'e  =  0  for  j  >  k 

* 

and  “  v.  This  implies 


“  C1<Bj*e,uj>  ’  <v'uk>  “  1 


Since  e  h”(0)  and  l(i  I  tends  to  zero  as  t  approaches  zero,  we  conclude  that 

,  °  Hm(0) 

CBiaj*v*-  a 


-67- 


1 1  1  1  IT  '• 1  ^ •  i’! . rv 


Q 


l. 


I 


<4>,A<p>  -  -  a(V,<p),  <P. <*»  e  V  , 

is  the  infinitesimal  generator  of  an  analytic  semigroup  S(t)  e  L(V*)  (see  for  example 
PAZY  [32],  FRIEDMAN  [16]).  Furthermore,  it  follows  from  Rellich's  Lemma  that  A  has  a 
compact  resolvent  operator.  The  restriction  of  A  to  V  (A)  -  {<P  e  v|a<P  e  H}  is  the 
generator  of  the  restricted  semigroup  S(t)  e  L(H).  A  classical  result  in  the  L  theory 
for  elliptic  boundary  value  problems  shows  that  the  domain  of  this  restriction  is  given  by 


w  -  Via)  -  {<p  e  v|a<p  e  h>  -  h 2m ( n )  n  H^(ft) 


(AGMON-DOUGLIS-NIRENBERG  [1],  FRIEDMAN  [16]).  Moreover,  Theorem  7.1  shows  that 


Aip  “  -  I4>,  ip  e  w 


Now  the  trace  theorem  allows  us  to  understand  the  boundary  operators  B ^  in  Theorem  7.1  as 

2  # 

bounded  linear  transformations  from  W  into  U  «  L  Oft).  Hence  Bj  e  L(U;W  )  and  we  can 
rewrite  (7.3)  into  the  abstract  Cauchy  problem 


(7.5) 


z(t>  =*  Ax(t)  +  ^“"’b^u.  (t) ,  z ( 0 )  =  zQ  e  V* 


For  all  zQ  e  V  and  all  u^ ( • )  e  L2[0,TiUJ  the  corresponding  solution  of  (7.5)  is  given 
by  the  variation-of-constants  formula 


(7.6) 


z(tjz0,u)  *  S(t)zQ  +  1™  !q  S( t-s )B jUj ( s ) ds 


It  follows  from  results  by  DaPRATO  [8],  BALAKRISHNAN  [2],  WASHBURN  [45],  LASIECKA  [23]  that 
this  solution  always  lies  in 


z ( *  >Zg , u)  e  L2(0,T;Hi  n  C(0,T>V*]  D  W1,2[0,T;W#] 
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-4 


-  Tl 

A.  ‘  *■  '  ' 


•.  .1 


v-.C.'  m-a 


<L  *,<!> 


a<4>,<P)  +  i3fl  B**(x)D3Y(x)dS(x)  . 


L2(fi) 


Tne  highest  order  term  of  B*  is  of  the  form  b  ( x ) D 2m  3  ^ 
b  .(•)  e  C  (30)  ia  bounded  away  from  zero  and  D2m  ^  ^  Is 


operator  on  30  of  order  at  most  2m-1-j. 

(li)  For  4>  e  H2m(0)  and  ♦  e  H®(Q)  we  have  «|i,L<p> 


,  _2m-1- j 
+  J  where 

a  tangential  differential 


“  a(t|i,(p) . 


This  theorem  shows  that  every  classical  solution  of  the  parabolic  PDE  17.1)  is  a  weak 
solution  in  the  following  sense. 


DEFINITION  7.2  (weak  solution) 

Let  Uj(*)  6  L2  [0,TjL2  (30)]  be  given,  ften  a  function  z(*)  e  L2 [0,T|L2(0)]  is  said 
to  be  a  weak  solution  of  (7.1)  _if_  <i(i,z(*)>  e  W1'2[0,t)  for  every  t  6  H2m(0)  D  H^(fl)  and 
the  following  equation  holds  for  almost  every  t  e  [0,T] 

(7.3)  d/dt  <1»,z(t)>  +  <L%,*(t>>  -  lJT1<B%,u.(t)> 

3  3  L  (30) 


The  main  step  toward  the  existence  and  uniqueness  result  for  weak  solutions  is  the 

0 

Garding  inequality 

(7.4)  a(<p,<P)  >  el<P«2  "  f  6  V  . 

V  It 

which  follows  from  the  uniform  ellipticity  (7.2)  (see  for  example  FOLLAND  [15,  p.  309]). 

This  Inequality  in  connection  with  standard  results  in  semigroup  theory  shows  that  the 

* 

operator  A  :  V  ♦  V  defined  by 
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under  the  assumptions  of  Theorem  7.9.  This  cost  functional  corresponds  to  the  bounded 
output  operator  C“[l  o]eL(H«H). 


7.3.  TWO  EXAMPLES 

In  this  section  we  briefly  discuss  two  specific  wellposed  partial  differential 
equations  in  a  single  space  dimension.  The  essential  feature  of  these  systems  is  that  the 
input  and  output  operators  are  both  strictly  unbounded.  In  particular  the  wave  equation 
(7.27)  has  been  one  of  the  main  motivating  examples  for  the  development  of  the  theory  in 
section  2. 

Consider  the  one  dimensional  second  order  hyperbolic  PDE  with  Neumann  boundary  control 
and  point  observation  in  the  velocity  described  by 
r 

g 2  -  g2z 

— 7  (x,t)  »  a  — %  (x,t),  0<x<L,  t>0  , 

3t  3x 


(7.27) 


z(0,t)  “  0,  Ji  (L/t)  -  butt). 


t  >  0  , 


V 


y(t)  -  c 


(L.t), 


t  >  0 


where  u(t)  e  R  is  the  input  and  y(t)  e  R  is  the  output.  This  system  can 
as  a  mathematical  model  for  an  undamped  string  with  a  fixed  left  end  and  the 
moving  freely  along  a  vertical  line,  the  control  acting  through  the  angle  at 
end.  Solving  equation  (7.27)  along  its  characteristics  one  can  see  that  its 
relationship  with  zero  initial  state  is  described  by  the  difference  equation 


be  understood 
right 
the  right 
input/output 


(7.28)  y(t)  +  y(t-2L/a>  =  abc (u( t ) -u( t-2L/a ) ] 

Using  this  fact  in  connection  with  results  in  PRITCHARD-SALAMON  [34]  or  HO-RUSSELL  [19]  one 
gets  that  system  (7.27)  is  well  posed  in  the  state  space 
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H 


{ (<P° ,4)’ )  e  h'(o,l]  x  l2[o,l]  |tp°(o>  =  0} 


More  precisely,  this  sytem  fits  into  the  framework  of  section  2.2  with 


Z  =  {(ip0,^1)  e  H2[0,L]  X  H1  [0,L]  |<p°(0)  =  0,  tp1  ( 0 )  =  0}  , 

U  «  Y  =  R 


9  n 

1  2  3  <0  -1*0  1 

A<P  =  <>P  ,a  — ■—),  Tip  =  b  <p  (L),  Kip  =  cip  (L) 

3x 


and  is  well  posed  in  the  sense  of  Definition  2.10.  System  (7.27)  is  of  particular 
interest,  since  it  can  be  stabilized  through  the  static  output  feedback  law 


(7.29) 


u(t)  =  -fy(t)  ,  fabc  >  0  , 


(P'JSSELL  [39],  QUINN-RUSSELL  [35]).  Following  Theorem  4.2,  the  well  posedness  of  the 
closed  loop  system  (7.27),  (7.29)  requires  the  invertibility  of  the  operator  I  +  fT(t) 
for  t  >  0.  It  follows  from  equation  (7.28)  that  this  operator  is  invertible  if  and  only 
if  fabc  y  -1 . 

Our  second  example  is  the  one  dimensional  fourth  order  hyperbolic  PDE  described  by 


j2  .  34 

— ~  <x,t)  =  -  a  — (x,t),  0<x<L,  t>0  , 

3t  3x 


z(0,t)  =  0,  — =-  ( L , t )  =  0, 
3x 


t  >  0  , 


(7.30) 


3  32 

( 0 , t )  =  0,  — ~  (L,t)  =  bu(t), 

3x 


t  >  0  , 


y(t)  =  C  (L,t)  , 


t  >  0  , 


where  u(t)  e  R  is  the  input  and  y(t)  e  R  is  the  output.  This  system  can  be  understood 

as  a  mathematical  model  for  an  undamped  beam  with  a  clamped  left  end  and  a  free  right  end, 

with  the  control  acting  through  an  external  force  at  the  right  end.  System  (7.30)  can 
again  be  reformulated  within  the  framework  of  section  2.2  with 

H  -  {(ip0,^1)  e  H2[0,L]  x  L2[0,L]  j(p°(0 )  -  4>°(  0)  -  0}  , 

z  «  (dp0,!?1)  e  h4[o,l]  x  h2(0,l]  |<p°(0)  =  4>° (0 >  -  ip°(L)  -  o,  tp1  < o >  -  ip1  <0 )  -  o}  , 

u  -  Y  -  R 

,  i  a  34uj,  _  -1  33uj°  1 

dip  "  [<p  ,-a  — 2.)  ,  Tip  »  b  - r—  (L),  Kip  »  cip  (L) 

3x4  3xJ 

The  well  posedness  problem  for  system  (7.30)  in  the  state  space  H  has  apparently  not  been 
Investigated  in  the  open  literature.  However,  a  spectral  analysis  of  the  free  system  in 
connection  with  general  well  posedness  criteria  in  PRITCHARD-SALAMON  [34]  or  HO-RUSSELL 
[19]  shows  that  the  hypotheses  (B2)  and  (B3)  are  satisfied.  Hypothesis  (B2)  will  no  longer 
be  satisfied  if  the  control  acts  through  the  second  derivative.  The  verification  of 
hypothesis  (B4)  seems  to  involve  some  further  technical  difficulties  and  is  left  as  a 
conjecture.  The  feedback  stabilization  problem  for  system  (7.30)  has  been  studied  by  CHEN- 
DELFOUR-KRALL-PAYRE  [5].  They  have  shown  via  energy  estimates  that  the  system  (7.30)  can 
be  exponentially  stabilized  through  the  static  output  feedback  law 

(7.31)  u(t)  “  fy( t)  ,  fbc  >  0  . 
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